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Class of a subvariety vs geometric enumeration

Key concept
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• { rk c- 2 matrices } c- ①
" ✗ 4
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attracting mfd's
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quiver varieties

• [ E] → stable envelope class

• H* → K → Ell



Nakajima quiver varieties
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Warning -
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Towards stabp c- H¥ ( WCQI )
Horus fixed point )

• fix ①
* -6
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def stab
,
c- HE ( W/ Q1) is the unique class

[MO]

• support axiom :

8
no supported on slope ( p )

gÉ • normalization axiom:

stabp / p = effslopep) )
¥ 00 boundary axiom :

E stabpfq divisible by hi for ptq
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@ 12113,23 = 0
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divisible by b-

@ 25 divisible by tr

@ 34 divisible by & ,- zz)
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@ 35 divisible by b-

@ 4s divisible by ¢ , -7,- t )
divisible by hi



Characteristic classes induce quantum group actions

HI
,
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Summary so far

y
quiver variety

stabp c- HE / NTQI )
T T

-moment graph model
characteristic
class of singularity

In key ingredients of
geometric quantum group

actions



Fact some ( not all ) quiver varieties
come in pairs ( ✗ , ×

"

) such that
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brane
e( D)diagram →

D Cherkis bow

varietya-
Cherkis :

moduli
space of Nakajima - Takayama Rozansky :-B

unitary instantons Hamiltonian reduction "symplecticon multi -Taub - NUT

spaces
of representations

~
intersection

"

of certain quivers of generalized(key : Nahm's
equation ) with relations Lagrange

varieties



Nakajima -Takayama description ( sketch)

Hornaday

an nÉI -

Étomcciic" )v55 brane

B B
'

n r

n-t.cn#D5
brane 4 ¥

①

mod
e.
then

. . .

Ñ"Gun) " - BA + AB
'

tab = 0



tautological bundles

| fµ
(D} branes )

D → e(D) T
A

brave D5

diagram bow variety branes

smooth

holomorphic symplectic



dim ( CID) ) = ((du.tl ) du - + ( du+ + 1) dat ]

+ I Zdvtdr - - 2-2 di
'

✓ v55 ✗ D3

Iampled.vn/C/ffHIf ) ) = 2- I + 2 - l t 2- I + 2- I + 2 - l t z - I

+ 2-0-1+2 - l - o - 2 / it it it i)
= 4



How are N( quiver ) special cases ?

- . _q÷ . .
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In
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1-
*Grid'=N( ¥1 )=E /AM-FM )

1-
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3D mirror symmetry for bow varieties :

11TH A
3d mirror

I ' I
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3d mirror

CHIH't ) aim
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ie not N( - . - )

. . .

but . . . < to be continued >



Hanany - Witten transition on brane diagrams .

- . - - IN - - -
-
-

HW
bt b' = a + c +1

why ? later : 4( "brane charge ")
- -

. . .HE . .
. -

This C / D) = CC HND ) )



I T*p2=N / ¥ ! )=C(OFA)
3d mirror

CINEMA )
11 Hanany - Witten

Clarita)
11 Hanauy - Witten

vi. II. ) - elation



def brane charge

charge (NS5 brane ) : = l - k + #{D5- branes left of it }
A-

charge (D5 brane ) : = k - l t # ( NS 5- branes right of it }
F-



G -I 1. I → as e.

za -6 -- - B-

charges of D5 branes
8 B. B • •

B

É
→ •
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Them The two charge got B.
vectors is a

complete invariant
T B

of HW class



Thin ( up to Hanauy - Witten transition)

T*G/p C N/quiver ) c C( brane diagram /
I * *
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weakly decreasing arbitrary
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⇒
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transpose



Fact : quantum groups
#
act on +1¥ / moduli

spaces )
②

-
which representation

1
arbitrary

①
-

which
③

o } size :
which

quantum
weight → jÉ group
space of
the representation

* F super - algebra version IR-Rozanhy] , not in today's talk



fixed points tie diagrams

µ

I:÷:)123 tie

•• a tie must connect 5- branes of different kinds

• each 133 brane to be cored as many
times as its multiplicity





A- II

3d mirror
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on fixedpoints ÷
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horizontal
reflection
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B-B
-3s . Goes -8 -8s

binary contingency tables
7

one of the 123 BCTS

BCT : 0-1-matrix
B Z. I ⑥ Be

with row &
&column sums

the charge vectors •

p

Think
fix pts É BCT 's B

B.



fixed points moment

invariant curves → graph → stabp
(with weight ) f
f Manlike- Okounkovaxioms

agrams/B
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HE
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combinatorics
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( q c-É Iq / < I fixed )



T
*
p
-

= NIE;)
= el#¥ )

I

÷µ
same after-whyt.ci
n

.

<→ v.

unmet tr <→ til

v1
,
,ÉÉ

,)=
e



3d mirror symmetry for characteristic classes :

q(NÉD !

)

C CDT- CCD ! )T
!

p←→p
!

stab play =p
± stab q

!

/ p !
switch : equivariant⇒ dynamical

b- <→h--1



3d mirror symmetry for stable envelopes
is proved in special cases

• 1-
*

Grit
"

← its dual [R- Smirnov-Varcheubo -Zhou]
type A [RSVZ]

• 1-
*

GIB → 1-
* GYBL ✗

general [R- Weber]

• hypertonic ← dual hypertonic [Smirnov - Zhou]

• finitely many other cases [ 12 - Shou]



Why do we think 3d mirror symmetry for char. classes hold?

✗ → +1¥ IX) - valued functions of G- , of ,
t )

• 2 sets of equations
f- (2-it 1) = Kitt , af, tn) f- fqitqi - ( a#-)] f- = 0

tI
essentially R-matrix quantum multiplication

QKZ equations in
"

dynamical connection"

equivariant parameters in of (Kahler parameters)

• tact : compatible

• Fact : solution set = [ vertex functions >
t
curve counting p.s. on ✗



Higgs branch vs Coulomb branch story . . . ⇒

✗ → ✗
!

qkz / X) qkzlx
! )

dynamical V1
! ) ¥3 dynamical (✗

! )

curve counting
vertex functions

1×1

I
curve counting
vertex functions

(×
! )

transition
matrix

[ fstabp)q]p,qeÉ



Summary
f.

enumerative geometry
-

• ✗ D T stab
,
→ representations of

quantum groups
⇒ differential equations
"""" """ °

,

"

3d mirror
• ✗ ← ✗

!
stab ~ stab

"

• bow varieties

-1
closed for 3d mirror symmetry
rich combinatorics Schubert Cal .

( more
"complete

" than I
guiver varieties)
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GI generic map
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has an odd number of crisps
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[I] c- Hg*↳✗Dq ( Pt) = Klass did, - - - d

,]
↳

= . . . + 5 d. dzdsdudsdsdntdsdqt - - .

4- 18 • Qq

-
-
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✗ y
difference QKZ - equations ( consistent ! )

→ differential dynamical equations

on vector- valued functions in LELE )

equivar Kohler

✗=GroÉ=pt
f- ( Z , + K , Zz , q , , oh) = q , f / Zi , Zz , 9 , , are )

QKZ f- ( Z , Zztk
, q , , am )=q , f- (7) Zz ) 9) %)

Kq,¥q,=lz ,
+ E) f-

dynamical
f=q ,

"' ¥

kqa¥q=f 9.



Koihler parameters
keeping track of

¢ deg curve
• curve counting in ✗ : ✓ c- Kik) Ltr]

vertexfunctiono.pe/'VpEK(point )[ -9]
✗ ✗

Killer parameters Iequivariant
parameters I Cholo - )
(mero - )

diff eqhxs
• VP satisfy difference equations f

"" € ""able>

I switched
-2 in

q variables for ✗
!

•
V!q:= E Stabqfp . Vp vertex function on ✗

!



fix q c- E- Ilqlkl Staib) :=yYaf%#
Jacobi theta function :

91×1--4" - ¥11T 11 -qnxlltqii
' )
-
~ sin ✗

""

q
- decoration

K theory

why do elliptic characteristic classes necessarily

depend on a new set of variables ?i answer

to



Fay's trisecaut identity : Ell ×,✗z✗,=y ,yay,-4 ⇒

{ (A) Ya)d(✗z , ty , / + d / kiss)d( ✗sityftdtsifidtiytz)=0

Trigonometric / K-theory) limit ✗ it# ✗5- yityaty > = 0 ⇒

cotktx-w-Y.tl#-wt-wtI-- coHydwtlyd+wHHqt+otyoty,)

Rational ( H* ) limit ✗ itxztx>=y , + yzty ,
-_ 0 ⇒

=yy÷+y;÷+÷_
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recall essentially the
1 JT VanderwoudeTila

.
- t.nl/ IT[ÑI]= §?ffnÉ / b=ia+, Kazbek Its- toy d¥% formula

for Schur
functions

fact
n I

EY= Sym µ / His-tath) -111-2b- ta)) IT "

weight
t
,
. . .tk a= ,

b=l b=iatl Kazbek
(£5Ta) (tñtbth ))← functions

"


