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VARIETIES AND YANGIAN WEIGHT FUNCTIONS

R. RIMANYI, V. TARASOV, AND A. VARCHENKO

ABSTRACT. We consider the conormal bundle of a Schubert variety Sy in the cotangent bundle
T*Gr of the Grassmannian Gr of k-planes in C". This conormal bundle has a fundamental class
k1 in the equivariant cohomology H#(T*Gr). Here T = (C*)™ x C*. The torus (C*)" acts on
T*Gr in the standard way and the last factor C* acts by multiplication on fibers of the bundle.
We express this fundamental class as a sum Y7 of the Yangian Y (gl,) weight functions (Wy) .
We describe a relation of Y7 with the double Schur polynomial [Sy].

A modified version of the x; classes, named k', satisfy an orthogonality relation with respect to
an inner product induced by integration on the non-compact manifold 7*Gr. This orthogonality
is analogous to the well known orthogonality satisfied by the classes of Schubert varieties with
respect to integration on Gr.

The classes (k%) form a basis in the suitably localized equivariant cohomology H(T*Gr). This
basis depends on the choice of the coordinate flag in C". We show that the bases corresponding
to different coordinate flags are related by the Yangian R-matrix.

1. INTRODUCTION

The equivariant cohomology of the cotangent bundle of a Grassmannian has hidden Yangian
symmetries, see for example [Vasl, Vas2, GRTV]. In this paper we give another example of that
symmetry.

We study the conormal bundle of a Schubert variety Sr in the cotangent bundle T*Gr of the
Grassmannian Gr of k-planes in C". We consider a resolution S; of Sy, which lies in a flag variety
F1. The resolution map is the restriction of the natural forgetful map m : F1 — Gr. The conormal
bundle CS; C T*F1 of S; has an equivariant fundamental cohomology class [CS;] in the torus
equivariant cohomology ring H7(T*F1) = H;(F1). Here T = (C*)" x C*. The torus (C*)" acts on
T*FI in the standard way and the last factor C* acts by multiplication on fibers of the bundle.
Our main object of study is

k1 = m,([CS;]) € Hi(Gr) = HA(T*Cr),

which we call the equivariant fundamental cohomology class of the cotangent bundle of S;.

In Theorem 4.4 we express ey, - k1 as a sum Y7 of the Yangian Y (gl,) weight functions (W;).
Here e;, is an explicit cohomology class independent of I, and e, is not a zero-divisor.

In Section 5 we consider the fundamental class [S;] of the Schubert variety in the equivariant
cohomology Hc.).(Gr) and obtain [S;] as a suitable leading coefficient of the class r;. The classes

[S7] are key objects in Schubert calculus. They are represented by the double Schur polynomials
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(in the associated Chern roots). Proposition 5.4 and Corollary 5.5 say that the double Schur
polynomials [S;] are leading coefficients of Yangian weight functions W;, and of their sums Y7.

In Section 7 we define a modified version &’ of k7. The transition matrix from (k7); to (k)
is an upper triangular matrix with integer coefficients and ones in the diagonal. For every [
the difference k; — K is supported on p~(S; — S?), where S? is the Schubert cell, and p is the
projection of the bundle p : T*Gr — Gr. We show that the &) classes satisfy an orthogonality
relation with respect to an inner product induced by integration on the non-compact manifold
T*Gr. This orthogonality is analogous to the well known orthogonality satisfied by the classes
of Schubert varieties with respect to integration on Gr.

The classes (k) form a basis in the suitably localized equivariant cohomology H+(7*Gr). This
basis depends on the choice of the coordinate flag in C". In Section 8 we show that the bases
corresponding to different coordinate flags are related by the Yangian R-matrix.

The weight functions were used in [TV2] to describe g-hypergeometric solutions of the qKZ
equations associated with the Yangian Y (gl,). The g-hypergeometric solutions are of the form

1) Lz,..om)=) (/@(tl,...,tk,zl,...,zn)WJ(tl,...,tk,zl,...,zn)dtl...dtk> vy
Y

J

where (v;) is a basis of a vector space, 7 is an integration cycle parametrizing solutions,

O(ty,...,tk 21, .., 2,) is a (master) function independent of the index J, the functions
Wiy(ty, ... tg, 21, .., 2,) are the weight functions. To express the fundamental class x; we replace
in the weight functions the integration variables tq, ..., t; with the Chern roots of the canonical

bundle over Gr.

As explained in [TV2], the ¢-hypergeometric solutions (1) identify the ¢KZ equations with a
suitable discrete Gauss-Manin connection. In [TV2], the weight functions were identified with
the cohomology classes of a discretization of a suitable de Rham cohomology group. Our for-
mula for the cohomology class of the conormal bundle of a Schubert variety in terms of weight
functions indicates a connection between that discrete de Rham cohomology group of [TV2] and
the equivariant cohomology of the Grassmannian.

This paper is a part of our project of identification of the equivariant cohomology of partial flag
varieties with Bethe algebras of quantum integrable systems, see [V, RV, RSV, RTVZ, GRTV].
On this subject see also for example [BMO, NSJ.
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2. PRELIMINARIES

2.1. Blocks. The positive integers k < n will be fixed throughout the paper.

In Sections 3 and 4 we will parameterize various objects in representation theory and geometry
by k element subsets I of {1,...,n}. We will use some notation on the ‘blocks’ in I, as follows.
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Write [ as a disjoint union

I = L U I U ... U 1
= {il, . ;iu(l)} U {iv(l)-i-la ce ,iv(g)} u ... U {%(l—l)—i—la S ,iv(l)}
of maximal intervals of consecutive numbers, that is, we assume
0 i <... < Z.v(l) (U(l) = k),
® Gy(c—1)41,- - - » bu(e) 18 an interval of consecutive integers for ¢ =1,...,1 (we put v(0) = 0),
° iv(c) +1< i@(c)+1 forallc=1,...,1—1.
The subsets Iy,...,I; will be called the blocks of I. The lengths of the blocks will be denoted
by m. = |I.| =v(c) —v(c—1),c=1,...,l. Let m = (my,...,my). Fora € {1,...,k} let iz be
the largest element of the block containing i,. That is, @ = v(c) for some ¢ € {1,...,l}. We set
I'=my!---myl.

Let £(1) = Y5, (i, — a).

2.2. Symmetrizer operations. For a function f of the variables ¢, ..., t; we set
SymSk f = Z f(tcr(l)a s 7to(k))'
ocESk

If a vector m = (my,...,my) € {0,1,2,...} is given with v(c) = Y5, ma, v(I) = k, then let
Sm be the subgroup of S permuting the groups of variables
(2) {ti, - to 1 {toy+1, - o)} oAbyt
independently. We set
Symg, [ = Z oy, tor))-

0ESm
If the function f(¢1,...,%) is symmetric in the groups of variables (2), then we define

1
Hi:l me!

Symsk /Sm f= SymSk e

Clearly Symg, f = Symsk/sm(SymSm f).

3. REPRESENTATION THEORY: THE WEIGHT FUNCTIONS

In this section let z1,..., z,, h,t1,...,t; be variables.

3.1. Weight functions. Let [ = {iy,...,i,} C {1,...,n}, i1 < ... < i Following [TV2] we
call the function

(3)  Wilty,....ty) = h* Symg, (H <ﬁ(ta—zu+h) I (=) I] ta—tb+h>>

t, —1
a=1 u=1 u=iqg+1 b=a-+1 a b
a weight function. For example

o for k=1,1<1i<n wehave Wy, = hHZ;ll(tl — 2y +h) [ (B — 24)
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e for n =4 we have
W{LQ} = h2(t1 — Z3)(t1 — Z4>(t2 — Zg)(tz — Z4) ((h + tl + t2)(h — 21— ZQ) —+ 2(t1t2 + 2122)) .
For I = {i; < ... <idgtand J = {j1 < ... < jx} we define I > J if i, > j, for all a. The
following interpolation property of weight functions follows directly from the definition.

Lemma 3.1. We have Wy|;,—., #0. If I 2 J then Wiy,—., =0. O
Let R = Clz1, ..., 2n, h]((zi—2;+h) )i j=1..n. Note that i = j is allowed, hence z; —z1+h = h

-----

is invertible in R. Consider the R-submodule My, of Rlti,...,t,], spanned by the weight
functions Wy (ty,...,t,) forall I C {1,...,n}, [I| = k.

Lemma 3.2. The module My, is a free module with basis Wr.

Proof. In an R-linear relation among the W;-functions there is a term W, such that for all other
terms Wy in the relation we have I 2 J. Then the ¢, = z;, substitution cancels all the terms but
W, see Lemma, 3.1. ]

3.2. R-matrix. For 1 <a < k, I C {1,...,n}, [I| = k let [(***) be the k-element subset of
{1,...,n} in which the roles of @ and a + 1 are replaced. That is

eaclifandonlyifa+1¢€ @D and a+ 1 € I if and only if a € I(®eFD),
o for b & {a,a + 1} we have b € (@D if and only if b € I.
Proposition 3.3. For 1 <a < k we have

h Za+1 — %a

Wit W = W
J(a,a+1) I|zqz
Za+1 — Za + h RZa+1 — Za + h o
Zat1l — Za h
(4) —— Wi+ ———— Wity = Wiatn|zpoze
Za+1_za+h Za+1_Za+h

Proof. If I(»**1) = [ then the statement reduces to the fact that in this case W; is symmetric in
ze and z,.1. Otherwise the statement of the proposition follows from the special case of k = 1,
n =2, a = 1 by simple manipulations of the formulas. This special case, namely,

h 29— 21

(5) Zo—21+h zm—2z1+h h(ty — 22) _ h(t; — z1)
29 — 21 h h(tl — 21+ h) h(tl — 22 + h) ’

22—21+h 22—21+h

follows by direct calculation. U

Consider the Lie algebra gl, with its standard generators e; ; for i,7 € {1,2}. We denote the

basis of its vector representation C? by v4,v—. We have ez vy = v_, egjv_ = 0.
For a subset I C {1,...,n} define v; = v;, ® ... ® v;, where i,, = — for u € I and 4,, = + for
u ¢ I. The collection of vectors vy for all subsets I of {1,...,n} form a basis of the vector space

(C?)®". Hence we have the isomorphism of free R-modules
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Pio Min = (C)*"®R
Wy — vy ’

Proposition 3.3 means that under this identification the following two natural operations on
the two sides are identified.

e Substituting z, <> 2,41 on the left-hand side;
e Acting by the ‘R-matrix’
h-1d +(zq41 — 24) - Pl@0HD
Zat1l — Za + h

on the right-hand side, where P+ g the transposition of the ath and a + 1st factors
of (C?)®m,

3.3. Y-functions. The main object of this section is a certain linear combination of the weight
functions. Consider again the gl, representation (C?)®". Let egi denote the action of ez € gl,

on the j’th factor of (C*)®". Define
;= egf +.+ eg%

For an I C {1,...,n} recall the notation on the block-structure of I from Section 2.1 and set

(1 1 1 2\@n

Definition 3.4. For I C {1,...,n}, let X;(vp) = >, cyv; be the result of application of the
operator ¥y to the vector vy. Define

}/[ == ZCJWJ.
J
Example 3.5. For k =1, i <n we have Y, = Zé’:l Wi
For k =2, n = 4 we have

1 2 1 2 3 4
Spay(vr @vy @ve @vy) = () + e (el + el + el + i) (0 @ v @0y @0y)
= 2vp19) +v{1,3) + U4y T V23) T V{24},

hence

® Yiouy = 2Wpoy + Wiy + Woiay + Wiagy + Wiy
The other Y-functions for £k =2, n = 4 are

® Yo = Wy g

® Yig = Whoy + Wiy

o Y = Wpoy + Wiy + Wiy

o Yiog = Wyoy + Wiy + Wia gy
® Yisay = Wy + Woay + Wiay + Wiy + Wiogy + Wis gy
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3.4. Formulas for Y-functions.

Lemma 3.6. Using the notation of Section 2.1 we have

(6)
1

a=1 \u=1 1 u=1 b=1 =ig+1

In addition, let

n o N- (HH H(ta—tb—m) -ﬁ(n<ta-zu+h>n<ta—zu>).

c>dig€l: ip€ly a=1 \u<ig u>ig

NI(tla s 7tk) +M1(t17 s 7tk)
Hc>d Hiaelc HibEId (ta - tb) ’
where M is a polynomial symmetric in the groups of variables (2) and M(2,q), .. ., Zo(k)) = 0 for
any permutation o € Sy.
Proof. Formula (6) is a corollary of Lemma 2.21 in [TV2].

Now consider the function F' in [ ]-brackets in (6). Our goal is to write its S, symmetrization
in the form

(8) Y = Symg, /g,

N; + M;
Hc>d Hiaelc Hibeld (ta - tb)

with Ny and M; having the required properties.
The function F' is a product of k factors )1, ..., Qk, with each factor being a difference of two
rational functions. For example the first such factor is

Symg F =1!-

7‘i n

Ql:H(tl_Zu“‘h) H tl_zu H 1_Zu
u=1 u=ij+1 u=1
and the last such factor is
i n AR MR i —t+h
— th — 2y + h th — 2 T TR th — 2, kT
Q l_Il(k zy + h) H+1(k Z)bl_[1 P— l_Il(k Z)bl_ll P—
u= U=1j, = u= =

When this product of k factors is distributed, we have 2% terms. Each of these terms are of the

form
p(ty, ... te)
ngbgagk(ta - tb)7
where p is a polynomial. Hence, the S, symmetrization of this term is of the form
q(tl, e ,tk)

Hc>d Hiaelc Hz‘be]d (ta - tb)

v _ S k ig alta ta—tb—f-h n
1= 7 Symg, H H(ta—zu+h)H T _tb —Ht — 2y H Pa— H (ta — 2u)
b= u

] |
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for an appropriate polynomial q.

We first claim that ¢ satisfies ¢(z,(1), - . ., Zo(x)) = 0 for any permutation o € S, unless the term
we are considering comes from the choice of choosing the first term from each Qy,Qs,. .., Q.
Indeed, the second term of @, is divisible by [['_, (¢, —2,). Hence p is divisible by this. Therefore
¢ can be written as a sum of terms, each having a factor [['_, (¢, — z,) (for different b’s). This
proves our first claim. The sum of the ¢ polynomials corresponding to these 2¥ — 1 choices will
be I!- M[.

Now consider the product of the first terms of Q1, ..., Q. It is

k i[l n ta . tb o h
H H(ta—zu+h H t —Zu H ﬁ
a=1 \u=1 u=1tg+1 1<b<a<k a b

Its S, symmetrization is equal

k 14 n ta_tb_h
H(H(ta—zu+h> I m—m) ., [ ot

1<b<a<k ta =1t
Observe that

t,—t, — h
(9) SymSm H t _tb _H H H ta _tb Symsm H ta—btb '

1<b<a<k c>dig€lc 1€l La>b
Z&:'LB

Applying the simple identity
ty—ty—h
Sym —_— =
|
1<b<a<lr
for r = my,ma, ..., we find that (9) equals
TTITI0 ==t
t, — tb
c>dig€l: ip€ly

Hence the ¢ polynomial corresponding to the choice of the first factors from @Q4,..., Qg is I!- Nj.
This proves the second part of the Lemma. U

4. GEOMETRY: CONORMAL BUNDLES OF SCHUBERT VARIETIES

4.1. The Schubert variety and its resolution. Let ¢,...,¢, be the standard basis of C".
Consider the Grassmannian Gr = Gr;C" of k& dimensional subspaces of C", and the standard
flag

(10) C'cC’c...ccn,
where C* = span(ey, ..., €,). For I = {i; < ... <1t} C {l,...,n} we define the Schubert variety
S;={WkcC":dim(W*nC")>afora=1,...,k} C Gr.
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The dimension of S; is £(I) = 32*_ (i, — a). Recall the notations of the block-structure of
from Section 2.1. In particular, there are indexes v(1),...,v(l) determined by I. The definition

of Sy can be rephrased (see e.g. [M, Sect. 3.2]) as
Sp={WkcC":dim(WFnC©) >uv(c) forc=1,...,1} C Gr.

Consider the partial flag variety F1 = Fl,(1)42),....0q) C" of nested subspaces

.....

LyCLyC...C

of C", where dim L, = v(c¢). Note that v(1),...,v(l) depend on I, hence FIl depends on I. The
natural forgetful map F1 — Gr, (L; C ... C L;) — L; will be denoted by w. The Schubert variety

(11) S;={(L,c...cL):L.CcC" forc=1,...,1} CFl

is a resolution of S through the map 7 [M, Section 3.4].

Since S; is a smooth subvariety of Fl, we can consider its conormal bundle
(12) CS;={a €T;Fl:pe Sy, a(T,S;) =0} C T*FL.

It is a rank dimF1—dim S; subbundle of the cotangent bundle of F1 restricted to Sy, hence
dim CS; = dim F1. It is well known that CS} is a Lagrangian subvariety of T*FI with its usual
symplectic form.

4.2. Torus equivariant cohomology. Consider the torus T = (C*)" x C*. Let L; be the
tautological line bundle over the i’th component of the classifying space BT = (P®)" x P>.
We define z; = ¢;(L;) for i = 1,...,n, and h = ¢1(Ly+1). We have Hj(one-point space) =
H*(BT)=Clz,...,2n,h]. The T equivariant cohomology ring of any T space is a module over
this polynomial ring.

Consider the action of T on C" given by (aq,...,ay) - (v1,...,v,) = (101, ..., @,0,). This
action induces an action of T on Gr and Fl. We will be concerned with the action of T on the
cotangent bundles T*Gr and T*FI defined as follows: the action of the subgroup (C*)" is induced
from the action of T on Gr and FIl, while the extra C* factor acts by multiplication in the fiber
direction. We have the diagram of maps in T-equivariant cohomology

H(F) =~ H:(T*F)

ml

H:(Gr) =~ H:(T*Gr)

where 7, is the push-forward map (also known as Gysin map) in cohomology. The isomorphisms
Hi(X) = Hi(T*X) are induced by the equivariant homotopy equivalences 7T*X — X. In
notation we will not distinguish between H:(X) and HE(T*X), in particular 7, will denote the
map Hi(T*Fl) — Hi(T*Gr) as well.
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There are natural bundles over Gr, whose fibers over the point W € Gr are W,C" /W. Let
the Chern roots of these bundles be denoted by

(13) ty .ot TR
T \—,k—/

Let the group S; act by permuting the ¢,’s, and S,_; by permuting the #,’s. We have
H{f(Gr) = C[tl, .. ,tk,fl, R ,En_k, 21y vy Zn, h]skxsn_k/](;r,

where the ideal Iq, is generated by the coefficients of the following polynomial in &:

[T+t 1:[(1 +68) — [J + 2.

There are natural bundles over Fl, whose fibers over the point (Lq, Lo, ..., L;) € Fl are Ly,
Ly/Ly, L3/Lo,...,Li/L;—1, C" /L;. Let the Chern roots of these bundles be denoted by

14 ty et to(1)1s - - - Lo2), tol—1)41s - - - 5 to()s oot
(14) R CDIARG) by 0 1 :
mi m2 my n—

Recall that S, permutes the variables ¢, as in Section 2.2, S,_; permutes the variables ¢,. We
have

(15) H%(Fl) = C[tl, eyt 1?1, e 7t~n—k7 ZlyeeeyRny h]smxsn_k/]p],

where the ideal g is generated by the coefficients of the following polynomial in &:

T10+ 00 TT0+ 56— [0+ =)

u=1

4.3. Equivariant localization. We recall some facts from the theory of equivariant localization,
specified for Fl and Gr. Our reference is [AB], a more recent account is e.g. [CG, Ch. 5]. Let
Fr1 be the set of fixed points of the T action on Fl, and let F¢, be the set of fixed points of the
T action on Gr. The sets Fg, Fq, are finite. Consider the restriction maps

(16) Hi(Fl) — Hi(Fp) = €D Hi(f H3(Gr) — Hi(Fer) = €D Hi(f
FEFR feFar

A key fact of the theory of equivariant localization is that these restriction maps are injective.
The explicit form of these restriction maps is as follows.
e A fixed point f € Fq, is a coordinate k-plane in C", hence it corresponds to a subset
I c{1,...,n}, |I| = k. The restriction map H:(Gr) — Hi(f) = C[z] to the fixed point
corresponding to [ is
[p(t, 1,2, h)] = (a1, 27, 2, h),
where t = (t1,...,tx), t = (t1,...,tn_r), 2 = (21,..., 2n); and z; stands for the list of z,’s
with u € I; and 27 stands for the list of z,’s with u §Z I.
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e Recall that F1 depends on I, and the block structure of I determines numbers [, m,
as in Section 2.1. A fixed point f € FI corresponds to a decomposition {1,...,n} =
KyU...UK; UK into disjoint subsets K1,..., K, K;41 with |[K.| =m.forc=1,... 1,
and |Kj11| = n — k. The restriction map H#(Fl) — Hi(f) = C[z] to the fixed point
corresponding to this decomposition is

[p(t,t,z,h)] = p(zK,, - - - 2K)s 2K, 25 R).
We will also need a formula for the push-forward map .

Proposition 4.1. Let [p| € HE(F1), where p € Clty, ... to b1, oo tn gy 215+ - 20525k (see
(15)). Then

(17)

™ ([p]) = |Symsg, /s D
e 1_IC>d Htaelc theld (ta - tb)

The expression on the right-hand side is formally a sum of fractions. However, in the sum the
denominators cancel: the sum is a polynomial.

Proof. We sketch a proof of this formula well known in localization theory. Let f; be the fixed
point on Gr corresponding to the subset I = {iy,... i} C {1,...,n}. We have

(18)  m(oDly = (o). Blosi) = (o), | 2 22l

—1
fer=1(fr)NFr e(Tfﬂ- (f)>

Here j; is the inclusion {f} C 7#7!(f;). In the last equality we used the formula [AB, p.9.] which
describes how one can recover an equivariant cohomology class from its restrictions to the fixed
points. Using the fact that (7|.-1(s,) 0f)s« : Z[2, h] — Z[z, h] is the identity map, we obtain that
(18) is equal to

p
Symg, /g
/S Hc>d Htaelc the]d (ta - tb)

The restriction of the right-hand-side of (17) to f; is clearly the same formula. This proves the
proposition. [

ta ==z, t=2F-

4.4. Equivariant fundamental class of the conormal bundle on Fl. The variety CS; is
invariant under the T action on T*FIl. Hence it has an equivariant fundamental cohomology
class, an element [CS;] € HZ4mF(T*F]) = H24™F(F]). Our goal in this section is to express the
geometrically defined class [CS;] in terms of the Chern roots z,, h, and t,.

Let 4 be the bundle over Fl whose fiber over (L1, ..., L;) is L;. Consider the T action on the
bundle ¥* ® 4 where the (C*)™ action is induced by the action on Fl, and the extra C* acts by
multiplication in the fiber direction. The Euler class of this bundle will be denoted by e, (7* ® 7).
We have

k
en(¥ @7) = [[[]ta —ts + 1)

a=1 b=1
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Theorem 4.2. For I C {1,...,n}, |I| = k we use the notations of Section 2.1. Let
sgn(I) = (1M (—DHrHAD) _ () Thealrmi)-Trcecssimns

Consider the cohomology class

k ig n
(19) Ny = (H 1B h)) 1] (H(ta —z+h) ] (ta— zu)> € HA(F).

c>dig€le ip€ly u=1 u=is+1
Then
(20) sgn(I) - ep(37* ®7) - [CS]] = N; € Hi(Fl).

Note that expressions (7) and (19) coincide. However, in Lemma 3.6, Ny is a polynomial, while
in Theorem 4.2, N is a cohomology class (that is, an element of the quotient ring (15)).
Note also, that the element e, (7* ® ) is not a zero-divisor in the ring H7(F1) (because none

of its fixed point restrictions vanish), hence equation (20) uniquely determines [CS].

Proof. We will show that the restrictions of the two sides of (20) to the torus fixed points on F1

agree.
Let us pick a torus fixed point f € FI. It corresponds to a decomposition

{1,....n} =K yU...UK/ UK
into disjoint subsets with |K.| = m. forc=1,... [l and |K;y1| = n— k. First listing the elements
of Ky (in any order), then the elements of K, (in any order), etc, lastly the elements of K; (in

any order), we obtain a list of numbers ji, ..., ji. Restricting [p(t1,...,t, 2, h)] € H3(Gr) to the
fixed point f amounts to substituting t, = z;, into p.

Observe that IV Iltazzja is 0 unless j, < i, for all a. If j, < iy for all a then

Nilty=z,;, = (H H H (2j. — 25, — h)) . H (ﬁ(zja — 2y + h) (2j, — Zu)>

c>dig€le ip€ly a=1 \u=1 u=t4+1

= (—1)%e<amer (H II I Gu -2+ h)) 11 (ﬁ(% —zu+h) [[ (=2

c>dig€lc 1pE€ly a=1 \u=1 u=t4+1

= (—1)Ze<amema (H [z =2+ h)) 11 IT G.-z+n) J] (-2

a=1b=1 a=1 ue{l,...;ig} u=ig+1
—{j1,-da}
Now we turn to the study of [CS;]|;.
The point f is not contained in S; unless j, < 45 for all @ = 1,...,k, hence in this case
[CS7]; = 0. Let us now assume j, < i, for all a = 1,..., k. The weights of the action of T on the
tangent plane T%Fl are

2y — Z; fora=1,....k, wve{l,....n} —{j1,...,Ja}-

a
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Among these weights the ones that correspond to eigenvectors in the tangent space to Sy are
2y — Zj, fora=1,....k, we{l,...;ia} —{j1,---,Ja}-

Hence the weights of the normal space to S; at f are z, — z;, for uw > 1;. The weights of the
normal space to CS|y C T*F1|f are hence z;, — z, +h foru € {1,...,ia} — {j1,.- -, Ja}
Therefore we have

k n
sl =11 I G.-z+h) ] (z-2.)
a=1 u€{1 ..... i&} u=iz+1
—{j1,-da}

Since the restriction of e,(5* ® 7) to the fixed point fis [1*_, [Tr_, (25, — 2, + h), we proved
that the two sides of (20) are equal restricted to the fixed point f. t

4.5. Equivariant fundamental class of the conormal bundle on Gr.

Definition 4.3. We define the equivariant fundamental cohomology class of the conormal bundle
of St C Gr to be m.([CS)]), and we will denote this class by k.

Let v be the bundle over Gr whose fiber over W C C" is W. Consider the T action on the
bundle v* ® v where the (C*)™ action is induced by the action on Gr, and the extra C* acts by
multiplication in the fiber direction. The Euler class of this bundle will be denoted by e, (v* ®7).
We have

k
en(v @7) =TIt —ts+h).
a=1 b=1
Recall the definition of the Y;-function from Section 3.3. Interpret the variables ¢, z, and h of

this function according to the definitions of the present section, that is, as equivariant cohomology
classes in Gr. Then Y7 € H:(Gr). Recall that sgn([) = (—1)cdimSr,

Theorem 4.4. We have
sgn(l) -ep(V* ®@7) -k =Y € Hi(Gr).

Note that ej,(v* ® «) is not a zero-divisor (because none of its fixed point restrictions vanish),
hence the equation in Theorem 4.4 uniquely determines k.

Proof. Let us apply 7, to (20). The left hand side will map to sgn(/)e,(v* ® v)ks, because the
bundle 7 over Fl is the pullback of the bundle v over Gr.

Recall the definition of M; from (8). As a cohomology class in H.(F1), M; is zero, because it
restricts to 0 at every T fixed points of F1. Hence, 7, applied to the right hand side of (20) is

W*(N[) = 7T*(N[ + M]) == Y}
The last equality holds because of the comparison of (8) and (17). O
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Let p : T*Gr — Gr be the projection of the bundle. Let Sing S; C S; be the subvariety of
singular points of S; and S7™ = S — Sing S; the smooth part. Define the conormal bundle of
the smooth part to be

(21) s ={acT!Gr:xec 8™ a(T,S;) =0} Cp '(Gr—SingS;).

Denote [CS5™] € Hi(p~*(Gr — Sing S7)) the equivariant fundamental cohomology class of CS5™.
Consider the embedding j : p~!(Gr — Sing S;) — T*Gr.

Theorem 4.5. We have j*(r1) = [CS5™] € Hi(p~'(Gr — Sing S7)).

Proof. To prove Theorem 4.5 first we recall two lemmas from Schubert calculus that are probably
known to the specialists, but we sketch their proofs because we did not find exact references.

Lemma 4.6. Let f; be a smooth T fized point on S;. Then there is exactly one T fized point in

Sy (fy).
Proof. Recall the notation of the blocks in I, and assume J = {j; < ... < jx}. Assume that
fr € Sy, hence j, < i, for all a = 1,...,k. The description of the components of the singular

locus of S7in [M, Thm. 3.4.4] can be rephrased to our language as follows: The T fixed point f;
is a singular point on St if and only if jy)4+1 < %y for some c. If this does not happen for any
¢ then

{a:ja <v(e)} =v(c)

for all c =1,...,[. In this case there is only one choice for a fixed point in SiN 771(f;), namely

span{e;,, ..., ejm)} C span{ej,, . .. 7€jv(2)} C ... C span{ej,,. .. ,ejv(l)}.

Lemma 4.7. The localization map

H;(Gr —Sing S;) — @D Hi(f), a v (aly),
f

where & runs for the T fixed points f in Gr — Sing Sy, is injective.

Proof. The injectivity of the localization map is usually phrased for compact manifolds (see for
example the original [AB]). However, here we sketch an argument for Gr — Sing S;. Starting
with the open Schubert cell, we add the cells of Gr — Sing S} one by one, in order of codimension.
At each step we can use a Mayer-Vietoris argument to show that if the localization map was
injective before adding the cell, then it is injective after adding the cell. A strictly analogous
argument is shown in the proof of [FR1, Lemma 5.3]. The only condition for such a step-by-step
Mayer-Vietoris argument to work is that the equivariant Euler-class of the normal bundle of
each cell is not a zero-divisor. This calculation is done for Grassmannians, for example, in [FR2,
Sect. 5. O
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Now we can prove Theorem 4.5. Let f; be a smooth T fixed point of S;, and fJ € Fl the
unique T fixed point in S; N7~ 1(f;). An analysis of the T representations on 7},Gr and TJ;JFI,
similar to the one in the proof of Theorem 4.2, gives

(22) €Sy, =16y, - TT T T (=i = 200)-
c>dig€l: ip€ly
Therefore we have
wily, = m (G117, ) = (€S,

If fis a T fixed point in Gr —Sr then obviously both r;|, and [CS7"]|; are 0. Thus we found
that the localization map of Lemma 4.7 maps j*(x;) — [CS5™] to 0. This proves the theorem. [

5. SCHUR POLYNOMIALS

Definition 5.1. For I = {i; <is < ... <1y} C{1,...,n} we define the double Schur polynomial
by

. n 1
Aty o otry 21, z) = (=)0 det | ] (15— 2a) .
u=1iq+1 aB=1,.k H1§a<b§k<ta - tb)

.....

Remark 5.2. This definition of double Schur polynomials is the so-called bialternant definition.
Other definitions include a (generalized) Jacobi-Trudi determinant, an interpolation definition,
and the fact that double Schur polynomials are special cases of double Schubert polynomials that
are described recursively using divided difference operators. For references see [M1], [M2, Ex.20,
Section 1.3, p.54], [F, Lecture 8], or [FR2].

In Schubert calculus it is well know that equivariant classes of Schubert varieties in Grassman-
nians are represented by double Schur polynomials.

Theorem 5.3. (See [F, Lecture 8] and references therein.) The (C*)"-equivariant fundamental
class [St] of St in H{c.y.(Gr) is represented by the double Schur polynomial Ar(t, z).

What connects this fact with the objects of the present paper is the following observation.
Proposition 5.4. Recall that ((I) = S.*_ (iy — a) is the dimension of S;. Consider the weight
function Wr as a polynomial in h. We have

W, = sgn(D)Af(t, 2) - WD 4 lower degree terms.
Proof. The statement follows from the explicit formulae for W; and Aj. O
Corollary 5.5. We have

YV, = sgn(D)A(t, z) WFHO Llower degree terms.
K = [S;] RO +lower degree terms.
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Proof. The first statement follows from the fact Y; = W;+ sums of W;-functions with J < I. The
h-degrees of these W; functions are strictly less than the h-degree of W;. The second statement
is the consequence of Theorems 4.4 and 5.3. Note that the second statement could also be proved
geometrically. U

6. MODIFIED EQUIVARIANT CLASS OF THE CONORMAL BUNDLE

Recall that
Y =Wr+ Z cuWy,
J<I
where c;; are some positive integer coefficients. In other words, the transition matrix from the
W, functions to the Y; functions is triangular (with 1’s in the diagonal). Hence the the same is
true for its inverse:
Wr=Yr+ ZC/]JYJa
J<I
where ¢} ; are some integer coeflicients. Comparing this expression with Theorem 4.4 we obtain
that in H7(Gr) we have

Wr = sen(Den(y" @ 7)kr + Y ciysen(S)en(y” @ 7)ky
J<I

* Sgn

Definition 6.1. We define the modified equlvarlant fundamental class of the conormal bundle
of the Schubert variety Sy to be
sgn

Notice that J < I if and only if S; is a proper subvarlety of Sy (hence, in particular, dim S; <
dim S7). Therefore the difference of £ and k; is a linear combination of fundamental classes of
conormal bundles of proper subvarieties of Sj.

Example 6.2. For £ =1 we have Yy; = ngi Wyjy. Hence for i > 1
Wiy =Y — Yii-y
= ()" en(v" @ y)rgy — (1) Ven (v @ )k
= (=1)""en(v" ®@ 7)(Kgiy + Fpi-1y)-
Therefore H{} Ky + K{im1y = [C‘S{Z ]+ [CS{i,l}],

For example, for £k =1, n = 2, let p : T*Gr — Gr be the projection of the bundle as before,
and fgy the T fixed point with homogeneous coordinate (1 :0) on Gr = Gr;C* = P'. Then

Ky =y = [0 (fap)] = 2 — 1,
/@f{Q} = Koy + Ky = [Gr] + [p_l(f{l})] =2t —2z1—2+h)+(n—t)=t1 — 2+ h.
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For k = 2,n = 4 calculation shows

fif[l,g} = K{1,2}, H{[Lg} = K{1,3} T K{1,2}, 5%1,4} = K{14} T K{1,3} H{{z,g} = K{2,3} T K{1,3};

H’{2,4} = K{24} T K{2,3} T K{1,4) + K13y T K{12), Kl{3,4} = R{34} + K{24} + K{1,2}-

Let us compare the modified fundamental class with the earlier, non-modified «; classes. We
have

(23) Sgn(l) eh(v* ®7) Kk = Y,
sgn(l) en(v* ®7) k7 = Wr.

Recall from Theorem 4.5 that j*(k;) = [CS5™] € Hi(p~'(Gr — Sing S7)). The class £} does not
satisfy this property over the whole Gr — Sing Sy, but only over the Schubert cell S¢ which is a
dense open subset of Si.

Theorem 6.3. Let p: T* Gr — Gr be the projection of the bundle. Consider the Schubert cell
S ={W"c C":dim(W"NC")=a fora=1,...,k} C Gr,
and its conormal bundle CS? C p~*(Gr— Uy <1 Sy). Let i denote the embedding
i:p Y(Gr—Ujcr Sy) — T*Gr.
Then
(k7)) = [CS7] € H*(p™(Gr — Uy<r Sy)).

Proof. The difference x; — k; is supported on p~*(U;.1Sy). Therefore i*(k}) = i*(ks), so it is
enough to show that i*(k;) = [CS¢]. This follows from the diagram

i

p_l(Gl" - UJ<[ SJ)(—> p_l(GI" - Sing SI)(T) T Gr

i*(kr) 1 j* (k) <—— K1

[CSY] | [OSF™].

Some advantages of k7 over k; are discussed in Sections 7 and 8.
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7. ORTHOGONALITY

7.1. Orthogonality on Gr. Recall that €, ..., €, is the standard basis of C", and we used the
standard flag to define the Schubert variety

S ={W*c C": dim(W"* Nnspan(ey,...,e,)) >afora=1,... k} C Gr.
Considering the opposite flag, we may define the opposite Schubert variety
Sy ={W"c C": dim(W* Nspan(e, 1 i,,...,€,)) >afora=1,... k} C Gr.
Consider the bilinear form on H;(Gr) defined by

(frg)—=A(f9)={ [g,
Gr

where the equivariant integral on Gr can be expressed via localization by

a(zr)
a(tl,...,tk.): .
/Gr ; Hu@]ﬂ)g](’zv - ZU)
Here the sum runs for k-element subsets I of {1,...,n}. Note that the denominator is the

equivariant Euler class of the tangent space to Gr at the fixed point corresponding to I.
Definition 7.1. For I = {i; < ... <i} define I = {(n+1) =i, (n+1) —ip_1,...,(n+1) =i, }.
It is well know in Schubert calculus that

([S1],[S5]) = dr..

7.2. Orthogonality on 7*Gr. Our goal is to describe similar orthogonality relations involving

equivariant classes of conormal bundles.
Consider the bilinear form on Hf(T*Gr) = H}(Gr) defined by

(f,9) =< [,g>= fg,
T*Gr

where the equivariant integral on T*Gr is defined via localization by

a _ a(zr)
/T*Gr (t1, ..., tk) XI: Huel,vg[(zv P A

Here again, the sum runs for k-element subsets I of {1,...,n}. Note that the denominator is the
equivariant FEuler class of the tangent space to T*Gr at the fixed point corresponding to I. This
bilinear form takes values in the ring of rational functions in zq, ..., 2, and h. For more details,
see [GRTV, Sect. 5.2].

In Section 4, starting with the Schubert variety S; we defined the equivariant fundamental
classes k; and ). Similarly, starting with the opposite Schubert variety Sy, we may define the
opposite equivariant fundamental classes £; and &}. Arguments analogous to the ones in the
sections above prove the following theorem.
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Theorem 7.2. We have

(24) sen(en(v" ® 7)i; = Wi,
where

k(i n e ta—ty—h
2 Vity, ... tx) = W S —
(25)  Wilti,....t) = b* Syms, (H(H S 1L temmen 11257 ))

1s the “dual” weight function.
The following lemma is a special case of Theorem C.9 of [TV1].

Lemma 7.3. For A= {ay,...,ar} C{1,...,n} let p(za) denote the substitution of za,, ..., Za,
into the variables tq,. ..ty of the polynomial p. For k-element subsets I, J of {1,...,n} we have

Z Wr(za)W;(za) Y
n HueA,veA(Zu — 2)(2u — 20+ h) - Hu,veA(Zu — 2, + h)? "
where the summation runs for all k-element subsets A of {1,...,n}.

Now we are ready to prove the orthogonality relations for fundamental classes of conormal
bundles.

Theorem 7.4. We have
< Iilj,lzdfj >= (5[’J.

Proof. Tracing back the definitions, as well as formulas (23) and (24), give

H/ y . on . W[(ZA)WJ(ZA)
< i iy >=sen(l) sen/) 2A: [lucavga(zo — 2)(zu — 20 + 1) - (en(v* ® M)(za))*

According to Lemma 7.3 this further equals
sgn(l) sgn(J)(=1)*"Ps; ; =67 ;.

8. R-MATRIX IN COHOMOLOGY
Recall that R = Clz1, ..., 20, h|((zi — 2 + )7 1)

Proposition 8.1. The following are bases of the free module Hi(Gr) @ R:
(1) the classes [Sf] for I C {1,...,n}, |I| = k;
(2) the classes Wy for I C {1,...,n}, |I| =k;
(3) the classes Y1 for I C {1,...,n}, |I| = k;
(4) the classes kr for I C {1,...,n}, |I| = k;
(5) the classes K} for I C {1,...,n}, |I| = k.
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Proof. The Leray-Hirsch Theorem (e.g. [BT, Thm. 5.11]) implies that the C[z, ..., z,, h]-module
H#(Gr) is free, with basis [S;]. This implies (1). Statement (5) can be proved from Theorem 7.4
and some extra analysis of the denominators, or from the fact that the transition matrix from
[S1] to K} is upper triangular with diagonal entries

[T G-a+hn).
a€el bl b<a

Details will be given elsewhere. The equivalence of (5) and (2) follows from equivariant localiza-
tion and the fact +ep,(7* ® )k}, = W;. The transition matrix between (2) and (3), as well as the
transition matrix between (4) and (5) are upper triangular with 1’s in the diagonal. O

Recall that S; was defined using the standard flag
span(e;) C span(e, €2) C ... C span(ey, ..., €,).

Let o € S, be a permutation. We may, redefine our geometric objects Sy, S;, [Cgl], Kr, K7 using
the complete flag

span(ey1)) C span(e 1y, €x(2)) C ... C SPAN(€q(1), - - - ; €x(n))-
We call the resulting objects S7, S7, [CS?], 7, K.
Proposition 8.2. We have
KT = Kl suzg 0
K17 = Kz )
Proof. The statement follows from equivariant localization (see Section 4.3). u
Comparing this result with Section 3.2 we obtain the following remarkable fact. Let o be an

elementary transposition in S,,. Then the geometrically defined action sgn(I)x}; — sgn(I)x}” on
H7(Gr) ® R can be expressed by an R-matrix.

Example 8.3. Let n = 2,k = 1, and let o be the transposition in S5. Then we have
h Z9 — 21
Z9 — 21 + h Z9 — 21 -+ h . (_K/{1}> — (_H{{l} >
/ - / o I
Z9—2z1+h zo—2z1+h
which can be directly verified by substituting
Sgn({l}) = —1, /ﬂ)l{l} = KR{1} = 22 — tl,
sgn({2}) = +1, Koy = Koy TRy = (2t — 21 — 20+ h) + (2 — 1) =ty — 21 + h.
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