CONFORMAL BLOCKS IN THE TENSOR PRODUCT OF VECTOR
REPRESENTATIONS AND LOCALIZATION FORMULAS

R. RIMANYI AND A. VARCHENKO

ABSTRACT. Using equivariant localization formulas we give a formula for conformal blocks at
level one on the sphere as suitable polynomials. Using this presentation we give a generating set
in the space of conformal blocks at any level if the marked points on the sphere are generic.

1. INTRODUCTION

We consider conformal blocks on the Riemann sphere in the sl,,, Wess-Zimono-Novikov-Witten
conformal field theory. For a partition A = (A1, Ag,..., Ap) € N™ we denote | A| = > \;, and
d(X) = A — M. We fix the level £ of the theory with £ > d(X) and distinct points z1,..., 2/, 00
on the sphere. We assign to each finite point z, the standard m-dimensional vector representation
of sl,,, denoted by V| and to infinity — the irreducible sl,, representation with highest weight
(=Am, ..., —A1). The associated space of conformal blocks CB%(X) can be realized as a vector
subspace of the tensor product VX and the tensor product can be realized as a suitable vector
space of polynomials. The subspace of conformal blocks CB‘;()\) C VeIl g defined as the set
of solutions to a system of differential equations due to the description of conformal blocks in
[FSV1, FSV2]. We solve that system for £ = 1. In that case dim CBL(A) = 1 and we give a
formula for one remarkable polynomial generating the one-dimensional space of conformal blocks
(for m = 2 a formula was given in [VO08]).

A striking property of the formula is its similarity to equivariant localization formulas. Ac-
cording to these formulas, if a torus acts on a compact manifold with a finite fixed point set, then
the integral of an equivariant cohomology class on the manifold can be computed by collecting
some data at the fixed points. From these data one writes down a rational function which will
be equal to the integral of the equivariant cohomology class. Not only our conformal block has
the structure of the rational function from a localization formula, but the proof showing that it
is indeed a conformal block uses equivariant localization. We hope that this connection between
conformal field theory and equivariant cohomology will be useful in both areas in the future.

Taking suitable products of conformal blocks at level one, we construct elements in the space of
conformal blocks CB%(X) at any level. We show that the constructed elements generate CB(X)
for generic z. The proofs are based on our formula for conformal blocks at level one.

The first author is supported by the Marie Curie Fellowship PIEF-GA-2009-235437. He also thanks the
hospitality of MPIM Bonn in November 2009. The second author is supported in part by NSF grant DMS-
0555327.
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We assign the vector representations to all finite points 21,...,2/x|. The case of more general
representations assigned to finite points may be studied by fusion procedure.

According to a general principle in [MV], if a space of conformal blocks is one-dimensional,
then there is an associated explicitly calculated multi-dimensional Selberg-type integral, giving
an integral formula for the conformal blocks. For m = 2 such a Selberg-type integral is described
in [V08]. We plan to describe the corresponding integral for an arbitrary m elsewhere.

The authors thank V. Schechtman for stimulating and useful discussions.

Conventions. The set of natural numbers is N = {0,1,2,...}. Certain expressions in this paper
are parameterized by partitions A. In notation we put the partition in bracket, e.g. CB(A),
P(A), s(A). However, for concrete partitions, e.g. A = (4,2,1), we do not repeat brackets, that
is, we do not write P( (4,2,1) ), we will simply write P(4,2,1).

2. SPACES OF CONFORMAL BLOCKS

2.1. The Lie algebras gl,,, sl,, and their representations. Let ¢;;, ¢,7 = 1,...,m, be the
standard generators of the complex Lie algebra gl,, satisfying the relations [e; ;, €5 5] = d;j5€ix —
i xesj. We identify the Lie algebra sl,, with the subalgebra in gl,, generated by the elements

ei; —ejjand e ;fori#j,4,5=1,...,m.
A vector u in a gl,,-module has weight A = (A1, Ag,..., Ap) € C™, if ¢;;u = \u for i =
1,...,m. The vector u is called singularif e; ju =0 for 1 <7 < j <m.

Let A = (A1, A2, ..., A) € N™ be a partition, i.e. let \; > A; for i < j. Throughout the paper
we will use the following shorthand notations: |A| = > \;, and d(A) = A; — A,. The irreducible
finite dimensional g[,,,-module with highest weight A will be denoted by L. The module L o,
is the standard m-dimensional vector representation of gl,,. We will denote it by V. The module
V', and other gl,,-modules will also be considered as sl,,-modules.

The Lie algebra gl,, acts on Cly™, ..., y™)] by the differential operators e, ; — y¥d/dy"9).
This action preserves the degree of polynomials. The standard gl,,-module V' is identified with

the subspace of C[y"), ..., 4] consisting of homogeneous polynomials of degree one.
For a given partition A € N™, the polynomial ring
1 1 2 2 m m
(1) Rm,)\ = C[y§ )7' s 7y|()\)|7 yg )7' . ay|()\)‘7 ct yg )7' < 7y|()\|)]

admits a gl,,-module structure by the rule ¢; ; — Z‘a};‘l yg”a/ayéj ). The gl -module V& is

identified with the subspace of R, x consisting of polynomials that have homogeneous degree 1
with respect to each m-tuple of variables y,(ll), e ,y((lm), fora=1,...,| Al

2.2. Conformal blocks. Consider the Lie algebra gl ,, its vector representation V', a partition
A, and the gl -module V®*| as identified with a subspace of R,, » in (1). Recall the action of
e;; on the latter, namely

[ A

(2) ey =Y yojoy.
a=1



CONFORMAL BLOCKS IN THE TENSOR PRODUCT OF VECTOR REPRESENTATIONS 3

The space of singular vectors of weight X is

SV(A) = {p e VeIl eiip=0,e,p=N\pforl <i<j<m}.

Fixing distinct complex numbers z = (z1,...,2x|) we define the differential operators
[ A P
z (4) .
(3) 617‘] z; Zaya ayéj), fOF ]_ S Z,] S m.

For a positive integer ¢ > d(\) we define the space of conformal blocks at level { by
CBLA) = {pe SV | (e7,,) ™V p=o0}.

1,m

If £ — d(X\) + 1 is greater than the y™-degree (namely, A,,) of singular vectors from SV(\),
then the defining equation of level ¢ conformal blocks is vacuous, hence we have

CBIM(A) € CBINVTI(A) ... c CBY(A) = SV(A).

Let us emphasize that in the definition above, as well as in the whole paper, z denotes a
collection of distinct complex numbers.

Remark 2.1. This definition of conformal blocks is nonstandard. Usually the space of conformal
blocks in a WZW model is defined if one has a set of distinct points on a Riemann surface marked
with irreducible representations of an affine Lie algebra, see [KL]. If the Riemann surface is the
Riemann sphere, then one can describe the space of conformal blocks in terms of finite dimensional
representations of the corresponding finite dimensional Lie algebra. That description is one of two
main results of [FSV1] and [FSV2]. We take that description as our definition for the case when
the marked points of the Riemann sphere are z;,..., 2,00 and the associated representations
are the standard sl,,-modules assigned to all finite points z, and the irreducible sl,, highest
weight module assigned to the point at infinity with the highest weight (=X, ..., —A1).

2.3. “Symmetry and vanishing” description of conformal blocks for A = (N,..., N).
Assume that A = (N,...,N) € N™. In this case we can interpret the space of conformal blocks
as follows.

Let C = C™*I be the vector space with coordinates y((f) fori=1,...,m,a=1,...,|X|. The
polynomials p € V® > are functions on C. Consider the vector subspace
Alz) ={vecC |y ) =2y (), a=1,...,|A]}

of codimension | A| in C.
For any integer 1 < k < |A| and a subset By, = {1 < b; < -+ < b, < |A|} introduce the
differential operator

i 0
on, = [T’
i=1 ayzgi )

The special linear group SL,, acts diagonally on the polynomial ring R,, x of (1) by substitution

in each set y((ll), e ,y,(lm) of m-tuples of variables. Hence it acts on the subspace identified with



4 R. RIMANYI AND A. VARCHENKO

Ve Al too. If X = (N,...,N), then the subspace of singular vectors SV (X) C V@Al is the
subspace of SL,,-invariant polynomials.

The following theorem is the SL,, analogue of [R, Thm. 4.3}, also [LV, Lemma 1.3]. Its proof
is straightforward calculation.

Theorem 2.2. Let A = (N,...,N) for some N € N. Then an SL,,-invariant polynomial
p € VO lies in CBY(N), if and only if

(4) (0B, P)laz) =0
for all By ={1 <by <--- <bp <|A|} withk <N —{—1. In other words, an SL,-invariant

polynomial p € VX lies in CBi(A), the space of conformal blocks, if and only if it vanishes at
A(z) to order > N — /.

Corollary 2.3. If A = (N, ..., N) for some N € N, then an SL,,-invariant polynomial p € VI
lies in CBL(X) if and only if p vanishes to order > N — ( at the SL,,-orbit of A(2).

3. RATIONAL FUNCTIONS: LOCALIZATIONS, DIVIDED DIFFERENCES

3.1. Rational function identities obtained from localization formulas. In this section
we collect some identities for rational functions that will be useful in producing elements in the
spaces of conformal blocks. The resultant of the sets A and B of variables is defined to be

R(AIB) =[] TI(e—0).

acAbeB

Later we will also drop the set signs, and write eg. R(alb,c) for R({a}|{b,c}) = (a — b)(a — ¢).
For sets A;, As,...,A,, of variables R(A;|As|...|A;,) we will denote the generalized resultant
[1i; R(Ai|A;j). For aset I of indices, zr will denote the set of variables {z; }ier.

Lemma 3.1. Let k < n be positive integers. Let p (resp. q) be symmetric polynomials in k
(resp. n — k) variables. Let ({1 """ "}) denote the set of k-element subsets of {1,...,n}. For such
a subset I, let I denote the complement set {1,...,n} —I. Then for deg(p )—I—deg( ) < k(n—k),

> b

R(zr21)

1s an identity of rational functions in the variables zq, ..., z,.

This lemma is well known in at least two areas of mathematics: the theory of symmetric
functions (in terms of generalized Lagrange interpolation, see e.g. [L, Thm. 7.7.1]), and in
the theory of equivariant localization. Let us recall this latter argument. If the torus T acts
on the compact manifold M with fixed points fi,..., f., and a € H5(M;Q) is an equivariant
cohomology class, then the Atiyah-Bott equivariant localization theorem [AB] states that

/O‘_Z %Jf
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Here e(TyM) is the T-equivariant Euler class of the representation of 7" on the tangent space of
M at f. Let us choose M to be the Grassmannian Gry,(C"), with the T' = (S*)™ action induced by
the standard T-action on C". Let « be the p-value of the Chern roots of the universal subbundle
over M, times, the g-value of the Chern roots of the universal quotient bundle over M. Since
deg(p) + deg(q) < k(n — k) = dim(Gr, C") the integral [, o is clearly 0. Then the localization
theorem proves Lemma 3.1.

Consider the partition A = (A,...,A\,) € N™. Correspondingly, we can consider the partial
flag manifold F' parameterizing the flags of linear subspaces
0=VocWVicVaC...CVp_y CV,=C?

in CI*I, where V;/V;_1 has dimension \; for j = 1,2,...,m. Let the tautological bundle over
F corresponding to the j’th linear space V; be called E; (j =0,1,...,m). For j=1,...,m let
7; be the collection of the Chern roots of the quotient bundle E;/E; ;. The standard action of
(SHIA on C!* induces an action on Fy. Then for the symmetric polynomials p; in A; variables

(j =1,...,m), the equivariant localization theorem gives
- Hz p] ZI )
(5) / pi (7)) = :
Fa E Y Z R "7’11|ZI2’ ‘me)
where Z = (I, I, ..., I,) is a partitioning of the integers {1,...,| A |} into m parts satisfying

UJIJ:{laulA‘}v ]lﬂ]]:q)(Z#])? ’IJ|:/\J

When } deg(p;) < dimFx = [[,_;(A\i—A;), then the left hand side of (5) vanishes, establishing
the identity that the right hand side is 0.

3.2. Localization formulas vs divided differences. For a polynomial p in variables 21, 25, . .
the 7th divided difference is defined by

*

— PR & &
(6) Bip = p—p( +1).
Zi T Zi41
It is well known that the divided difference operators 0; satisfy the relations

(7) &8] = @& if |Z — j| > 2, 818Z+182 = &Hf)ﬁzﬂ
Hence 0, can be defined for a permutation of indexes, as 0, - - - 0;,, where s;, - - - s;, is a reduced
word for w in terms of the elementary transpositions s;.
The algebra of divided differences is closely related with localization formulas. For example,
let & < n, and let w,—k) be the following permutation of {1,...,n}:
i—n—k)+ifori<k and ir—i—Fkfori>k.

Let p and ¢ be symmetric polynomials in £ and n — k variables respectively. Then

aw(k,n—k) (p(zla ceey Zk:)Q(Zk+1, . ,Zn)) = Z m

R(z1|2p)
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More generally, consider the partition A again. We define the permutation wy as follows. For
/\1+'--+)\u—1 <’L§)\1++)\u,
P Y N =Y N
>u i<u
[In plain language wy is described by dividing the numbers from 1 to | A | into groups of cardinality
A; in order, then reversing the order of the groups without changing the relative positions of pairs

of numbers in the same group.]
Then for the symmetric polynomials p; in A; variables (j = 1,...,m), we have

m H:l] j(z.[j)
Oy <1_[lpj<ZJj)> - ; R(z]1|21§- - en,)’

where the summation runs for partitions Z as in (5).

3.3. A generalized divided difference. In the next chapter we will mention an extended
version of divided difference operations. This applies to functions depending not only on 21, 2o, . . .,
but on other sets of variables. We modify only the numerator in the definition (6) by applying
the transposition ¢ <> (i41) to certain sets of variables (including the 2’s). These sets of variables
will be indicated in the upper index of the 0 sign, eg.

) _ p —p(Zz‘ 241, Ty 7 T, Yy yi+1)

Zi — Zi41

‘Z7y7z
82- p(l’l,l'g,...,yl,yQ,...721,ZQ,...

Generalized divided differences with fixed upper indexes also satisfy the relations (7), hence
0%Y7* is defined for permutations w. Observe, however, that our generalized divided difference
operators do not preserve polynomials.

4. THE P,(A) FUNCTION

4.1. Definition, examples. Let m > 2, and let A = (A\1,...,\,,) € N™ be a partition. We will
study various expressions in the variables

YD and z,, for je{l,....m},ac{l,...,| x|}
For a subset U C {1,...,|A|}, we define Yéj) = [L.cv .
Definition 4.1. We define .
[T, v,
P(A) = — ;
ZI: R(zn |zl - 121,)

where the summation runs for T = (Iy,..., Iy,) with ;N 1; =0, UL = {1,..., | X[}, || =\

Recall that associated with the partition A we defined the permutation wy in Section 3.2, and
recall the extended divided difference operation from Section 3.3. The function P,(A) can be
written in the concise form

My 1 1) (2 2 m m
(8) Pa) = 0 (g Oy, e o)
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Example 4.2.

1 1)

(1),(2) (1), (2) 2 (2

P, (1 1) Y1 Ys +?/2 hn _ N Y
21— %9 20 — 21 21 — %9 '

L T Y L U7

(21 - 2’3)(22 - 23) (21 - 22)(23 - 22) (22 - 21)(23 - Zl>'

1), (1), (2) (2)
P (2 2) Y1 Yo y3 Yy

R(Zh Z2|Z3, 24)

1 1 N (1 N (1 1) (1 1) (1
perm (Y808, UV} per (V1,00 95, U)o (V108,080
Y1 Y2~ Y3 'Yy Y1 °Ys ™ Y2 'Yy Y1°Ys" Y2 'Ys

R(z1, 22|23, 24) R(z1, 2z3)22, 24) R(z1, 24|22, 23)

P,(2,1) =

+ [5 similar terms]

Y

[where perm means the permanent of a matrix.]

o 1 1)
)
3)

y12 922 932
1, (2, (3) et y% y%fi; y%;
1
Pz(17 1’ 1) _ Z yz y] yk; _ yl y2 y3

e Gim =)z =) (o= 2)(an = 2) (2 — 2)

Remark 4.3. In [V08, (3.2)] the rational function

RCIROR®)
ot (y]wyz — yj+N>
j=1,...,.N

Zi — Zj+N

3,5=1,...,

is considered (with the substitution y( ) =1 for all 7). One can show that this function is equal
to

i( H (Zi—zj)(2i+N—Zj+N)>'Pz(NJV)-

4.2. Vanishing propertles The function P, () satisfies remarkable differential equations with
respect to variables y . Recall the differential operators from (2).

Theorem 4.4. We have
ek,lpz()\) =0 Zf /\k Z >\l-

Proof. The effect of the terms of the differential operator ej; on a square-free y-monomial is that
they replace a y) variable with the corresponding y*) variable. Hence we have

() -5 ()

Vi 1 ’UEIZ Vi 1
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Therefore, the y-monomials occurring in ey P;(A) are of the form [[}, Y for K; N K; = 0,
K;={1,...,|A|}, and

Aj j £k
IK;|=< +1 j=k
N—1 j=1L

For such a monomial, and a v € K}, define
K; j#£ k)
IV =Ko —{v} j=Fk
Kl U {2}} j =[.

Then the coefficient of [/, Ylg) in e Py(A) is

”UGKk Z]£U)| v |Z[7(r:))) R(ZKl |ZK2| te |ZK7n> 'UGKk R(zvlszf{v}) .

The main observation in the last equality is that the sign 1 does not depend on the choice of
v € K.
In the factor

S el)
R(z,

52 Rlzlar—) {v}>

of the last expression we consider the variables zk, as parameters. In the remaining variables
this expression is of the form of the identity in Lemma 3.1. Hence it is 0 if the numerator has
smaller degree than the denominator, ie. if A, — 1 = |K;| < |Kj| —1 = A;. This inequality is
satisfied if Ay > ;. O

Now recall the differential operators from (3).
Theorem 4.5. We have
(10) ex Pz(A) =0 if Ak > A,
(11) (e2,)* Po(A) = if A = Ao

Proof. The proof of (10) is analogous with the proof of Theorem 4.4. The change is that for-
mula (9) expressing the coefficients of y-monomials of ef; P.(A) has to be replaced with

1 B +1 2ol (20|2k;,)
(12) Z R( |ZI,<,1’)) B R(ZK1|ZK2|' ) Z .

= ZI§U)| . 2k, = R(2y| 2k~ {0})

The last factor ), . K, #”ZK’)}) vanishes due to Lemma 3.1 if the numerator has smaller
v —{v

degree than the denominator, i.e. if 14+ (A —1) = 14 |K;| < |Kj|—1 = Ag. This holds if A, > ;.
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To prove (11) observe that the effect of the terms of the differential operator (ezl)2 on square-
free y-monomials is replacing two y) variables with the corresponding y*) variables times the
corresponding z variables. That is, we have

m )
() - 3 (s ).
j=1 vAwel, \j=1

Therefore, the y-monomials occurring in (ef;)*Px() are of the form [, Yfg) for K;NK; =10,
K;={1,...,|A|}, and

Aj Jj#k,l
|Kjl=qX+2 j=k
N—2 g=1L
For such a monomial, and v # w € K} define
K; j#k

1 =LKy — {v,w} j=k
K U{v,w} j=1

Then the coefficient of [/, Yfg) in (ef,)*Pz(A) is

Z ZUZw :tl Z’UZ'LUR(Z'lM Z'UJ|ZK1)
R(z

|z 0) Rzl 2k,,) R(2v, 2wl 2K~ {ow})

vEwEK, I(”’”’ - vAWEK)

The main observation in the last equality is, again, that the sign +1 does not depend on the
choice of v # w € K.
The factor
3 22w R(20, 2w|2K,)

R(zy, 2w ZKIc*{'va})

vZWEK
vanishes—because of Lemma 3.1—if the degree 2 4+ 2(\; — 2) of the numerator is less than the
degree 2\, of the denominator, i.e. if Ay > A;. O

4.3. P,(A) functions are conformal blocks. Let m € N, let A € N™ be a partition and let
¢ > d(X), as before. Recall that a function in the variables y(j) «(J=1,. ya=1,.../]A])
belongs to the space CBX(X) of conformal block of level £, if

e it is a polynomial of homogeneous degree 1 with respect to each m-tuple of variables

TN
Al

e it vanishes under the action of the differential operator ) 7} yak)a/ 83/ for all & <[,

e it vanishes under the action of the differential operator (Z‘)‘l Zayt 8/ Y™ )l AN+

The properties of the P,(\) function presented in Sections 4.1, 4.2 translate to the following
theorem.
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Theorem 4.6. We have

P.(X) € CBIN(X) if d(\) > 0,
P.(A) € CBL(\) if d(\) = 0.

Dimensions of CB%(\) spaces are independent of z. They are calculated, e.g. as structure
constants in so-called fusion rings, see e.g. [Z], [GV]. A special case of these results is that
dimCBL(N +1,...,N+1,N,...,N) =1 for any m and any number of N’s. Hence the relevant
part of Theorem 4.6 can be reformulated as follows.

Theorem 4.7. Letm > 2 and let A\ = (N+1,...,N+1,N,...,N) € N” for any number of N’s
(possibly m). Then for any collection of pairwise distinct complex numbers z = (z1,...,2x|),
the polynomial P,(\) is a basis in the one-dimensional space of conformal blocks CBL(X). O

For m =2 and XA = (N, N) a basis conformal block is given in [V08], ¢f. Remark 4.3.

4.4. Asymptotics. When concrete formulas are known for conformal blocks, one can often de-
rive Selberg integral formula type applications, see e.g. [MV], [FSV], [VO8]. In these applications
one needs certain asymptotic properties of conformal blocks. Now we show such an asymptotic
property of P, ().

We define the discriminant of the ordered list of variables 1, ..., z, by
D(z1,...,2,) = H (i — ;).
1<i<j<n
Let
N
P(N)=P,(N,N,...,N)- g D(Z(h—1ymtts - - - s Zhm)-

Observe that

—

P(1) = det (yﬁ) L
Direct calculation gives the following theorem.
Theorem 4.8. For N > 2 the limit of P(N) as
Z(k—1)m+1s Z(k—1)m+2s - - + y Fkm—1 —7 Zkm Vk=1,...,N
18

=1,...,
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5. P,(N,...,N) SATISFIES THE KZ EQUATIONS AT LEVEL 1.
Let
Xial = {z=(21,--., 7)) e ¢l | zo # 2p for all a # b} .
The trivial vector bundle 7 : VeI« X, — X, has the KZ connection at level l,
o) 1 Q)

g _ Ci=1,.., A,
82@ m—i—f po 2y — Zj

where Q = @7,_ €45 ® €4 is the gl,, Casimir operator and Q) . yeIX _ @IA g the linear
operator acting as €2 on the i-th and j-th factors and as the identity on all the other factors.
Consider the subbundle of conformal blocks with fiber CBL(N, ..., N) ¢ VEIAL Tt is well
known [KZ] that this subbundle is invariant with respect to the KZ connection at level /.
For ¢ = 1 this subbundle is a line-bundle, with P := P,(N, ..., N) being a nowhere zero section
in it (see Theorem 4.7). Since the KZ connection has regular singularities, the function

pP=pr. H (23 — 2;)" ",

1<i<j<mN

for some choice of numbers a,;, must be a solution of the KZ equations with £ =1,

0 1 (912 .
13 — P=0 =1,...,| Al
13 (- mm s ) ren

Equivalent to (13) is

o 1 Od) a
14 — P=P. e
(14) <8zi m—i—lZzi—zj) Zzz—z]
J#i
In our conventions Q) reduces to the following operator‘

QI (f) = f(y < " Vk).
Theorem 5.1. We have a;; = — "5 for all i # j.

Proof. Without loss of generality we choose i = 1. The coefficient of [];-, Y(k)

(k=1)N+1,...kN} O
the left hand side of (14) is
N
1 1 1 1 1
j;ﬂRzl—z m—+1 Zzl—zj AT " RLJ
where R = R(21,...,28]2n415-- -5 2on]| -+ [Zm—1)N+15 - - -, Zmnv) 18 the denominator of the mono-

mial [],-, ]2,) DN+, gy 0 P, and RY = R(z; < z;). According to (14) the expression (15)

is equal to
1 a
17j
R 21—z
j=2 "7
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Multiplying with R, and checking the residue at zy.1 = z; we obtain
1

-1- m——|—1<_1) = a1 N+1,
which implies a; 41 = —m/(m + 1). For the other a; ;’s the result follows by symmetry. O
Summarizing, we obtained that
(16) P=P(N,....N)- ] (z—z)m#

1<i<j<mN
satisfies the KZ differential equation (13).

Remark 5.2. In proving that (16) satisfies the KZ equations we used a priori that (14) holds for
some constants a, ;. Equivalently, we made a particularly lucky choice of a hyperplane to take
the residue of the coefficient of a well-chosen monomial. The fact that the resulting P satisfies
the KZ equations, equivalently, that other residues would give the same a; ;’s encode remarkable
identities. For example, one has

mN 1 N 1 e 1
R- Z Oy (E):(l_m)za—%’JrQ Z AT E

j=N+1 =2 J=N+1

(for the same R as in the proof above). It would be interesting to see direct proofs of these
properties; or even more interestingly, a combinatorial proof using the form (8) of P.

Remark 5.3. We may consider the sl,,, KZ equations instead of the gl,,, version (13) above. The
only change in (13) is that the gl,, Casimir operator has to be replaced with the sl,, Casimir
operator. In our conventions the sl,, Casimir operator is

4 1
Ol () = " = v vk) = —f.

Arguments analogous to the above prove that

PN,....N)- [ (z—2)"

1<i<j<mN

is a solution to the sl,, KZ equations.

6. PRODUCTS OF LEVEL ONE CONFORMAL BLOCKS ARE HIGHER LEVEL CONFORMAL BLOCKS
Recall that conformal blocks of level 1 have dimension 1, namely
dim CBL(A) =1, for d(A) =0 or 1,

and that the functions P,(A) of Section 4.1 form a basis in these spaces. Recall also that for
these A’s €; ;P,(A) =0 if ¢ < j, as well as
(eF,)" P-(A) =0 ifd(N)

0
7 Px(A) =0 ifd)

0,

(17) L



CONFORMAL BLOCKS IN THE TENSOR PRODUCT OF VECTOR REPRESENTATIONS 13

Now we are going to use these P,(A) functions as building blocks to produce elements of
CB.(X) for £ > 1 and any A. In Section 7 we will show that these elements span the space of
conformal blocks for generic z.

Definition 6.1. Let A € N™ be a partition, and let ki, ..., kx| be pairwise different integers.
We define P*1--*x1)(X) to be obtained from P,(X) by substituting
©)

yr, for yflj) and
2k, for Zq
forallj=1,....manda=1,... ||

For example

(1), (2) 1, (2)
P(35)(1 1) = Ys 'Ys +y5 Y3

35— 25 25— 23
Definition 6.2. Let XA € N™ be a partition, and let £ > d(X). Put formally \g = € + \,,. Let
U= {Ul, ..., Us} be a partitioning of the set {1,2,...,|X|} into € subsets such that for every
Jj=0,...,m—1 we have exactly \j— ;11 of the U;’s satisfying |U;| = j mod (m). Consz'der each
U; as an ordered set, ordered by the natural ordermg of integers. Define the partition ) € N™
to be the unique partition with |pY| = |U;| and d(u)) = 0 or 1. Define

¢

QU) = HP(Uj)(M(j))-

J=1

Proposition 6.3. We have
QU) € CB(A)
for any choice of U.

Proof. The proposition follows from the Leibnitz rule of differentiating products. Indeed, for

1<
¢
0= 3 (P T P(U”’(u(b))) ,
a=1 b#a
and the factor e; ;P(Y+) (@) in each term is 0. Similarly,

(efm)éﬂ—d(k) _ Z (efm).P(Ul)(M(l)) ) (efm)'p( )( (2)

where the o’s stand for integers whose sum in each term is £+ 1 — ()\ We know that for d(A)
of the pu® partitions e 7mP(U")(,u( )) = 0, and £ — d(\) of them (e? )2 PO (1Y) = 0, see (17).
Hence, at least one of the factors in each term is 0. O

Example 6.4. Let m =2, A = (3,3), and ¢ = 2. Four of the 16 choices of @) functions are
p:23456)(3 3) P2 (1,1) . PEA50 (2 9),
P(3’4)(1, 1)- p(1,2,5,6)(2’ 2), p(5,6)(17 1)- p(1,2,3,4)(2, 2).

* Pl (),
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Calculation shows that these four polynomials form a basis for CB2(3,3), for any choice of
pairwise different z;’s.

The dimension of CB2(N, N) is 2¥~'. Conjecturally the example above generalizes to the
following.

Conjecture 6.5. Let m = 2. Let

H={{UV} UVC{l. 2N UNV=0UUV={1,...,2N},
(20 —1,2ieU or2i—1,20€V) foralli=1,...,N.}

The collection of the 2N=1 polynomials (parameterized by H)

po) (VLU oy (V] V]
27 2 27 9

form a basis of the space of conformal blocks CBZ(N,N) (for any choice of pairwise different
2i’s).

7. SPANNING THE SPACE OF CONFORMAL BLOCKS CBY(\).

In this section we will define spaces L‘(\) of certain polynomials in the variables i (without
z-dependence). Their relation with Q(U) functions, as well as a recursive property of the Lf(X)
spaces will result in proving that dim CB4(A) = dim LY(\); as well as in proving the fact that
the Q(U) functions span the space of conformal blocks for generic z. For notational simplicity in
Sections 7.1-7.4 we show the m = 2 case in detail, then sketch the necessary changes to obtain
the results for general m in Section 7.5.

7.1. The space L‘(A) for m = 2. For a subset U = {u; < uy < ... < u,} of N define the
R-polynomial

R(U> = (yul - yuz)(yug - ym) T (yg[%]_l - yz[ ])7

3
where [z] is the integer part of z. For a collection of sets Uy, ..., Uy the R-polynomial will be the

product of the R-polynomials of the individual U;’s. Below, the U; will always be disjoint sets.
For example

R({L 27 3}7 {47 5}) = (yl - y2>(y4 - y5)
Definition 7.1. Let A = (A1, A2) be a partition, and let ¢ > d(X). We define the vector space
LY(X) = span{R(U) | U is a partitioning of {1,...,|X|} into { subsets
(with some of the subsets possibly empty),

such that d(X) of them have odd cardinality,
¢ —d(X) of them have even cardinality}.
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Example 7.2. We have

L%(3,2) =span{R(1,2,3,4,5), R({1,2,3}, {4,5)). ... R({4,5,6}, {1,2}),
f%({l}, {2,3,4,5}), i ,R({5},{1,2,3, 4}2}
waﬂm—me—m%gw—mﬂm—%wfhw—me—m}
@rﬂﬂw—Wf?@erw—m%
()

which turns out to be a 4-dimensional space. We have
13(3,2) = I%(3,2) + span{R({1},{2,3}, {4,5}), ..}
= L*(3,2) + span{(ys — Ys)(Ya = ys), - -}
= Span{(yi - y])(yk - yl) : #{Z7j> k? l} = 4}7

which is 5-dimensional.

7.2. Asymptotics of Q(U) functions for m = 2. Let m = 2 and A = (A1, \2) be a partition.

In this section we make the following notational simplifications: instead of the variables y[(ll) and

y((zz) we will write x, and y, respectively.

Define
aX) =(0,1,1,2,2,3,3, ..., Ao — LA — 1, A, Aoy .., A) e NI if Xy £ 0
—_——
d(N)+1
a(X) = (0,...,0) e NI if A =0.

Straightforward calculation proves the following statement.

Theorem 7.3. We have
BY
+ lim lim o lim | Py(A) - H Frall =

Za1—0 | 2aj-1—0 210 i=1 Z
(xzyl - 51713/2)(11543/3 - x3y4) s (352,\2312)\2_1 - 3?2,\2—11/2/\2)552)\2“ HRR /5 P Vi
Recall the definition of Q(U) functions from Definition 6.2. Theorem 7.3 yields the following
observation.
Corollary 7.4. For 1> |z x| > [z/x)=1] > ... > |21| > 0 we have

| A

QU) ~ Y A ][+
) =1

B=(B:
Bizay
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where o;’s are suitable integers, and Ag(U)’s are functions of x1,...,T\x, Y1, ..,y x| Such that

-----

Corollary 7.5. For XA = (A, X2), £ > d(X), and generic z we have
dim CB.(A) > dimspan{QU) : U} > dim L*(N).
7.3. Recursion for the dimension of conformal blocks for m = 2.
Theorem 7.6. Let m = 2. The dimensions of CB‘;()\) spaces satisfy the following recursions.
(1) dim CB*(a,0) =1, fora=0,1,... /.
(2) dim CB(a,b) = dim CB%(a — 1,b) + dim CB.(a,b — 1) for 0 <a —b < £,b > 0.
(3) dim CB%(a,a) = dim CB.(a,a — 1) for a > 0.
(4) dim CBY(b 4 £,b0) = dim CBL(b + £ — 1,b) for b > 0.

In other words, the dimensions satisfy the Pascal-triangle type of rule suggested in the following
table for ¢ = 3.

Conformal blocks dim

CB2(0,0) 1

CB2(1,0) 1
CB2(1,1) CB2(2,0) 1 1

CB2(2,1) CB(3,0) 2 1
CB2(2,2) CB2(3,1) 2 3

CB2(3,2) CB2(4,1) 5 3
CB2(3,3) CB2(4,2) 5 8

CB?(4,3) CB2(5,2) 13 8
CB2(4,4) CB2(5,3) 13 21

CB2(5,4) CB2(6,3) 34 21

Proof. Dimensions of conformal blocks are computed as structure constants of fusion rings, see
e.g. [Z], [GV]. These structure constants satisfy natural recursion relations, which in the case of
sl reduce exactly to the recursion described in Theorem 7.6. 0

7.4. Recursion for the dimension of L‘(\) spaces for m = 2.

Theorem 7.7. Let m = 2. The dimension of L*(\) spaces satisfy the following properties.
(1) dim L*(a,0) =1, fora=0,1,... /.

(2) dim L*(a,b) > dim L*(a — 1,b) + dim L*(a,b — 1) for0 <a—b < £,b > 0.

(3) dim L*(a,a) > dim Lf(a,a — 1) for a > 0.

(4) dim L(b + £,b) > dim L(b+ £ — 1,b) for b > 0.

Proof. The space L(a,0) is spanned by the constant 1 function. This proves (1). To prove the
other statements, we define linear maps

O L) — LM+ 1, %) if £> d(A)
U LA — LA(A\, A+ 1) ifd(X) >0,
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by
®(g) = g (considered as a polynomial in one more variables),
U(g)= SF (9 (et F Yx|— d(>‘>y>\1+>\2+1)) .
Here SF' (=“square-free map”) is the linear map obtained by dropping the non-square-free terms.

Example 7.8. For example, for the map W : L3(3,1) — L3(3,2) we have
R({1},{2,3},{4}) = (y2 — y3) = SF ((y2 — y3) (y1 + y2 + y3 + ya — 2y5))
= SF((y2 —y3) (1 — y5) + (Y2 — y5)) + (v2 — ¥3)(y2 + y3))
= (y2 = y3)(y1 — ys) + (Y2 — y3)(ys — ¥5)
= R({2,3}.{1,5},{4}) + R({2,3},{4.5}.{1}).
The map ® is induced by the natural embedding
Clyr, -5 Unitxa) = Clyn, - Uni a0 Yni a0 1]

The map ® is a linear embedding, provided we show that it indeed maps into Lf(A; + 1, \p).
It is enough to check this for generators of LY(X). Let R(U) be such a generator. Since ¢ > d()
there is at least one even part in &/. Adding the element A\; + Ay + 1 to an even part we define
U'. We have ®(R(U)) = R(U'), showing that ® indeed maps to LY(\; + 1, \y).

Now we need a lemma.

Lemma 7.9. We have

(18) V(R(U)) = R(U) - (Z Yo d(A)ywm) :
where the summation runs for those a € {1,2,... | X|} which are largest elements in odd parts
of U.

Proof. The right hand side of (18) is clearly square-free. The difference

RU)- (1 + w2+ -+ Y — dA)yrae1) — RU)- (Z Yo — d(A)ywm) = RU)- (Y w);

where the summation is for those b’s which are not largest numbers of odd parts of &. These b’s
grouped in pairs occur in R(U) in (y», — ys,) factors. Using (yo, — Yos) (e, + Ubs) = Y, — Y, We
obtain that no term of the difference is square-free. This proves the lemma. O

Our next claim is that ¥ indeed maps into L(A;, \s + 1). Indeed, we have

U(RU)) = RU) - (Z Ya — d()‘)y,\1+,\2+1> )
where a is as in the lemma. This is further equal to

R(“) : Z(ya - y)\1+/\2+1> = Z R<u/)7

a
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where the sum runs for those I’ that are obtained from I by adding A\; + Ay + 1 to an odd part
of U.

Checking the coefficient of yy,x,+1 shows that ¥ is an embedding.

Hence, we have that both ® and ¥ are linear embeddings. This proves (3) and (4). Our last
claim is that the images of

O LA —1,0) = LM\, x9)  and W LA(A, A — 1) — LY(A, \)

only intersect in 0 (for d(X) < ¢, Ay > 0). This follows from the fact that ¥(g) depends on the
variable yy, 1,41 for all non-zero g, while no ®(g) depends on this variable. This proves (2). O

Remark 7.10. The definition of the maps ® and W are inspired by the definition of so-called
iterated singular vectors from [MV05], [RV].

7.5. Conclusion. Theorems 7.6, 7.7, together with Corollary 7.5 prove inductively that for
m = 2 we have

dim CB.(A) = dim Lf(X).

Comparing with the middle term of Corollary 7.5 we obtain the following theorem.

Theorem 7.11. Let m = 2. The Q(U) functions of Definition 6.2, for all different choices of
U, span the space of conformal blocks CB‘;()\) for generic z.

In fact Theorem 7.11 holds for m > 2 too. The proof goes along the same argument, as the
one presented above for m = 2, in Sections 7.1-7.4. The analogue of Theorem 7.3 for higher m
is as follows.

Proposition 7.12. For 1> |z x| > |z a-1] > ... > |z1| > 0 we have

[ Al
PN~ Y AN ]

B=(i) =1

Bizay
where «;’s are suitable integers, and Ag(X)’s are functions of ygi) (i=1,....ma=1,...,]X|),
such that

m )\u*)\u+l
_ (4)

(19) A,(A) =+ H H det (yZZlquz Ak+(u+1)>\u+1+(v1)u+j>m:1 ..... u

u=1 wv=1

The R(U) functions for general m are thus obtained by certain index shifts from (19), and
the space Lf(\) is obtained as the span of R(U) functions. After these definitions the proofs of
Sections 7.1-7.4 go through to the general m > 2 case.

We conjecture that the Q(U) functions generate CB%(A) not only for generic z, but for any
z=(21,...,2m) With z; # z; for i # j.
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7.6. Bases in conformal blocks. A byproduct of our proof of Theorem 7.7, is that we can
choose a basis of CBi(A) by just following how the relevant U partitions change at the possible
paths of ® and W maps. Here is what can be obtained this way, explained for m = 2.

Fix A = (A, A2) and £ > A; — . Consider a permutation wy, ws, ..., w5 of the multiset
{+,...,+,—,...,—} with the property
A A
1 2

J
OSZwiSK for all j.
i=1

Now we define a multiset S of partitions of {1,...,| A |} into ¢ parts, for every i = 0,...,| ],
recursively:

o S5 =10,....0%
¢
e if w;;; = +, then St consists of partitions obtained from partitions in S? by adding the
number ¢z + 1 to an even part;

o if w;,; = —, then SiF! consists of partitions obtained from partitions in S, by adding the
number 7 + 1 to an odd part.
Define

Qw: Z Q(u)

uesi}|

We obtained that the set
J
{Q, : w is a permutation of{+,...,+,—, ..., =}, with 0 < Zwi < { for all 5}
e — N — :
A A2 =1
is a basis of CB%(\) for generic z.

Example 7.13. For example, one of the 4 choices of w for A = (3,2) and £ =2 is + + — + —.
Then we have

SS) = {@,@}, Si] = {{{1}7@}}7 SZ; = {{{1}a {2}}}a
S?u = {{{17 3}7 {2}}7 {{1}7 {27 3}}}7 Sfu = {{{17 3, 4}7 {2}}7 {{1}7 {27 3, 4}}}7
So = {{{1,3,4,5},{2}}, {{1, 3,4}, {2,5}}, {{1,5}, {2, 3, 4}}, {{1}, {2, 3, 4,5} } }.

Hence the corresponding basis vector is

Q++,+, = Q({L 37 47 5}7 {2}> + Q({L 37 4}7 {27 5}> + Q<{17 5}7 {27 37 4}) + Q({l}v {27 37 47 5})

Together with Q4 _,, Q4 4, and Q,_,_, it forms a basis of CB2(3,2) for generic z.
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8. APPENDIX: DECORATED P,(\)-FUNCTIONS

In this section we present a generalization (a “decorated version”) of the P,(A) function of
Section 4.1.
Let m > 2 be an integer and A € N a partition as before. Let the product of symmetric

groups Sy 1= Sy, X Sy, X ... x Sy, act on the polynomial ring Z[z, ..., 2 x|} by permuting the
variables
21y, 20 and Zap+1y -3 B4 Ags and and ZIA|=Amt1s o Z A

independently. A polynomial invariant under this action is called A-symmetric. A A-symmetric
polynomial is unchanged if we permute e.g. the first A\; variables, or the next Ay variables, etc.
Hence we may use the notation h(zy,, 21,,. .., 21, ), if the z;,’s are unordered sets of variables of
cardinality A;.

Definition 8.1. Let m > 2, and let X = (A1,...,\n) € N be a partition. Let h be a X-

symmetric polynomial. Recall that for a subset U C {1,...,| |}, we define YL(,j) = [Lev y,(lj).

We define

P = 0 Mot ) T Y2
~ R(zp |25, - - |21,)

where the summation runs for T = (Iy,..., I,) with ;N 1; =0, UL ={1,..., | X[}, || =\

Clearly P,[1](X) = P,(A) is the function defined in Section 4.1. Among the P,[h](A) functions
one may often find several linearly independent conformal blocks.

)

Definition 8.2. Let Zi(k) be the ith elementary symmetric polynomaial in the variables z1,. .., 2.
For a partition pn = (1, ..., ) € N* (for any r € N) let

k
s®) (1) = det (Z’(”Lj_i)rw :

For example

s®)(0) = 1 for any k, sB(1) =24 ... + 2, s®(2) = 2120 + ...+ Zp_1 2k,

S(k)(L 1) = det <Z1 + 1 + 2k z1222++. .. —|—+z,;1zk) .
1 e k

The polynomial s*) (1) is a symmetric polynomial in zi,..., 2, and does not depend on any z,
variable for a > k. Hence it is a A-symmetric function for all A with \; = k.

Example 8.3. Calculation shows that
P.[h)(4,2) € CB%(4,2)  for  h=s9(0),sW(1),s¥(1,1).
Moreover, these polynomials are linearly independent for generic z. We also have
P.[h)(4,2) € CB(4,2)  for  h=sW(0),sW(1),sW(1,1),
sW(2),5M(2,1),s%(2,2),
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and these polynomials are linearly independent for generic z. It is known that dim CBZ(4,2) =
4, dim CB2(4,2) = 8. Hence our P,[h](4,2) functions above do not span the relevant spaces of
conformal blocks. Moreover, for the 9-dimensional spaces CB>3(4, 2) no new linearly independent

P:[h](4,

2) function can be found.

The subspace of conformal blocks spanned by P,[h| functions, and the relation to Schubert
calculus is subject to future study.

[V08]

2]
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