ELLIPTIC DYNAMICAL QUANTUM GROUPS AND
EQUIVARIANT ELLIPTIC COHOMOLOGY

GIOVANNI FELDER, RICHARD RIMANYI, AND ALEXANDER VARCHENKO

ABSTRACT. We define an elliptic version of the stable envelope of Maulik
and Okounkov for the equivariant elliptic cohomology of cotangent bundles
of Grassmannians. It is a version of the construction proposed by Aganagic
and Okounkov and is based on weight functions and shuffle products. We
construct an action of the dynamical elliptic quantum group associated with
gly on the equivariant elliptic cohomology of the union of cotangent bundles of
Grassmannians. The generators of the elliptic quantum groups act as differ-
ence operators on sections of admissible bundles, a notion introduced in this
paper.
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1. INTRODUCTION

Maulik and Okounkov [12] have set up a program to realize representation theory
of quantum groups of various kinds on torus equivariant (generalized) cohomology
of Nakajima varieties. A central role is played by the stable envelopes, which are
maps from the equivariant cohomology of the fixed point set of the torus action to
the equivariant cohomology of the variety. Stable envelopes depend on the choice
of a chamber (a connected component of the complement of an arrangement of real
hyperplanes) and different chambers are related by R-matrices of the corresponding
quantum groups. The basic example of a Nakajima variety is the cotangent bundle
of the Grassmannian Gr(k,n) of k-planes in C". The torus is T = U(1)" x U(1),
with U(1)™ acting by diagonal matrices on C™ and U(1) acting by multiplication on
the cotangent spaces. Then the Yangian Y (gl,) acts on Hp(U}_oT*Gr(k,n)) and
the action of generators is described geometrically by correspondences. It turns out
that this representation is isomorphic to the tensor products of n evaluation vector
representations with the equivariant parameters of U(1)™ as evaluation points and
the equivariant parameter of U(1) as the deformation parameter of the quantum
group. The choice of a chamber is the same as the choice of an ordering of the factors
in the tensor product. The same holds for the affine quantum universal enveloping
algebra Uq(gT[Q) if we replace equivariant cohomology by equivariant K-theory. As
was shown in [8, 14], the stable envelopes, which realize the isomorphisms, are
given by the weight functions, which originally appeared in the theory of integral
representations of solutions of the Knizhnik—Zamolodchikov equation. Their special
values form transition matrices from the tensor basis to a basis of eigenvectors for
the Gelfand—Zetlin commutative subalgebra.
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The recent preprint [1] of Aganagic and Okounkov suggests that the same pic-
ture should hold for equivariant elliptic cohomology and elliptic dynamical quantum
groups and this is the subject of this paper. The authors of [1] define an elliptic
version of the stable envelopes and show, in the example of the cotangent bundle of
a projective space, stable envelopes corresponding to different orderings are related
to the fundamental elliptic dynamical R-matrices of the elliptic dynamical quantum
group E; ,(gly). Our paper is an attempt to understand the elliptic stable envelope
in the case of cotangent bundles of Grassmannians. In particular we give a precise
description of the space in which the stable envelope takes its values. Our construc-
tion of stable envelopes is based on elliptic weight functions. In the Appendix we
also give a geometric characterization, in terms of pull-backs to the cohomology of
fixed points, in the spirit of [12].

While our work is inspired by [1], we do not know whether the two constructions
are equivalent or not. The interesting project of understanding the exact relation
between our construction and the construction of Aganagic-Okounkov requires more
work.

Compared to equivariant cohomology and K-theory, two new features arise in
the elliptic case. The first new feature is the occurence of an additional variable, the
dynamical parameter, in the elliptic quantum group. It also appears in [1], under
the name of Kéhler parameter, in an extended version of the elliptic cohomology of
Nakajima varieties. The second is a general feature of elliptic cohomology: while
T-equivariant cohomology and K-theory are contravariant functors from T-spaces
to supercommutative algebras, and can thus be thought of as covariant functors to
affine superschemes,! in the elliptic case only the description as covariant functor
to (typically non-affine) superschemes generalizes straightforwardly.

Our main result is a construction of an action of the elliptic quantum group asso-
ciated with gl, on the extended equivariant elliptic cohomology scheme Ep(X,) of
the union X,, = U}_, Xk, of cotangent bundles Xy, , = T*Gr(k, n) of Grassmanni-
ans. The meaning of this is that we define a representation of the operator algebra of
the quantum group by difference operators acting on sections of a class of line bun-
dles on the extended elliptic cohomology scheme, which we call admissible bundles:
up to a twist by a fixed line bundle, admissible bundles on ET(X k.n) are pull-backs
of bundles on EU(n)qu)(pt) (by functoriality there is a map corresponding to the
map to a point and the inclusion of the Cartan subalgebra T'— U(n) x U(1)). The
claim is that there is a representation of the elliptic quantum group by operators
mapping sections of admissible bundles to sections of admissible bundles.

This paper may be considered as an elliptic version of the paper [17] where
analogous constructions are developed for the rational dynamical quantum group

Ey(gly)-

Notation. For a positive integer n, we set [n] = {1,...,n}. It K is a subset of
[n] we denote by |K]| its cardinality and by K its complement. Throughout the
paper we fix 7 in the upper half plane and consider the complex elliptic curve

IThe reader may safely ignore the super prefixes, as we only consider spaces with trivial odd
cohomology, for which one has strictly commutative algebras
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E =C/(Z+ 7Z). The odd Jacobi theta function
. o) y ; y ;
_sinwz pp (1 — ¢7e?™2) (1 — ¢le27'%)  omir
0(2) - T H (1 _ q‘])z 9 q =€ I (1)

j=1
is normalized to have derivative 1 at 0. It is an entire odd function with simple
zeros at Z + 7Z, obeying 0(z + 1) = —0(z) and

9(2 + 7_) — _6—7'(7;7'—27'”'26(2).
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Simons Foundation grant #336826. We thank the Forschungsinstitut fiir Mathe-
matik at ETH Zurich and the Max Planck Institut fiir Mathematik, Bonn, where
part of this work was done, for hospitality.

2. DYNAMICAL R-MATRICES AND ELLIPTIC QUANTUM GROUPS

2.1. Dynamical Yang—Baxter equation. Let h be a complex abelian Lie al-
gebra and V' an h-module with a weight decomposition V' = @®,¢cp-V}, and finite
dimensional weight spaces V,,. A dynamical R-matrix with values in Endy(V @ V)
is a meromorphic function (z,y,A) — R(z,y,A) € Endy(V ® V) of the spectral
parameter z € C, the deformation parameter y € C and the dynamical parameter
A € b*, obeying the dynamical Yang—Baxter equation

R(z,y, A = yh®) 2 Rz + w,y, )P R(w, y, A — yhV) (2)
= R(w,y, ) ®R(z + w,y, A — yh @) R(z,y, A — yh(3))(12)
in End(V ® V @ V) and the inversion relation
R(z,y, VP R(—z,y, )Y =1d, (3)

in End(V®V). The superscripts indicate the factors in the tensor product on which
the endomorphisms act non-trivially and h is the element in h* ® End(V) defined
by the action of h: for example R(z,y, A — yh(®)(12) acts as R(z,y, A\ — yus) ® Id
onV, @V, ®V,,.

Example 2.1. [3] Let h ~ CV be the Cartan subalgebra of diagonal matrices in
gln(C). Let V = @ V., the vector representation with weights ¢;(x) = z;, z € b
and one-dimensional weight spaces. Let F;; be the NV x N matrix with entry 1 at
(i,7) and 0 elsewhere. The elliptic dynamical R-matrix for gl is

N
R(z,y,\) = Z E; @ By + Za(z,y, Ai —N)E; @ Ej;
i=1 Py
25(27317 Xi — A\j)Eij @ Ejj,
i#]

2We use the convention of [5]. This R-matrix is obtained from the one introduced in [3] by
substituting y = —2n and replacing z by —z
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where
_0(z)0(A+y)

It is a deformation of the trivial R-matrix R(z,0,A) = idygy .

ﬂ(z7y7)\) = -

A dynamical R-matrix defines a representation of the symmetric group S,, on
the space of meromorphic functions of (z1,...,2n,y,A) € C" x C x h* with values
in V®". The transposition s; = (4,7 +1),i=1,...,n — 1, acts as

f = Si(zv Y, )‘)Srfa Si(za Y, )‘) = R(Zz —Zi+1,Y, )‘_y Z h(j))(i7i+1)P(i7i+l)7 (4)
Jj=i+2

where P € End(V ® V) is the flip u ® v = v ® u and s acts on functions by
permutation of z; with z;11.

To a dynamical R-matrix R there corresponds a category “of representations of
the dynamical quantum group associated with R”. Fix y € C and let K be the
field of meromorphic functions of A € h* and for u € h* let 7 € Aut(K) be the
automorphism 7 f(A) = f(A +yu). An object of this category is a K-vector space
W = ®pep-W,,, which is a semisimple module over h, with finite dimensional weight
spaces W,,, together with an endomorphisms L(w) € Endy(V ® W), depending on
w € U C C for some open dense set U, such that

(i) Lwue fv=_>(de7,f)llwuxv, feK, ueV,veW.
(ii) L obeys the RLL relations:

R(wy — wa, y, A = yh®) D L(w;) MV L(wz)
= L(wz)® L(w1) " R(wi — w2, y,A)"?

Morphisms (W7y, Ly, ) — (W2, L, ) are K-linear maps ¢: W7 — W5 of h-modules,
commuting with the action of the generators, in the sense that Ly, (w)idy ® ¢ =
idy ® ¢ Ly, (w) for all w in the domain of definition. The dynamical quantum
group itself may be defined as generated by Laurent coefficients of matrix elements
of L(w) subject to the RLL relations, see [11] for a recent approach in the case of
elliptic dynamical quantum groups and for the relations with other definitions of
elliptic quantum groups.

The basic example of a representation is the vector evaluation representation
V(z) with evaluation point z € C. The vector representation has W =V ®¢ K and

Lwhv®u=Rw—zy, w1’ u, veV, ucW

Here 7% ,(v® f) =v®@ 71X, f forv € V and f € K, and R acts as a multiplication
operator.

More generally we have the tensor product of evaluation representations V' (z1) ®
<@ V(zp) with W = V8" @ K, and, by numbering the factors of V @ V" by
0,1,...,n,

L(’lU)’U QU= R(w —Z1,Y, A— yz h(l))(()l)R(w —22,Y, A— yZh(l))(OQ) e (5)
i=2 =3

R(w — zn, y, VO ® Thu, vEV, ueW
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For generic z1, ..., 2z, the tensor products does not essentially depend on the order-
ing of the factors: the operators .S; defined above are isomorphisms of representa-
tions

V(21)® @V (2)QV (2i41)® -V (2,) = V(21)®- - @V (2i41)QV (2:)®- - -V (2y,).

Remark 2.2. Tt is convenient to consider L-operators L(w), such as (5), which are
meromorphic functions of w and are thus only defined for w in an open dense
set. But one may prefer to consider only representations with L(w) defined for all
w € C. This may be obtained for the representation given by (5) by replacing L(w)
by the product of L(w) with []'_, 0(w — 2z + y)-

2.2. Duality and gauge transformations. Suppose that R(z,y, ) is a dynam-
ical R-matrix with h-module V. Let V¥ = &,(V"), with weight space (V") the
dual space to V,,. Then RY(z,y,)\) = (R(z,y,\)"1)*, the dual map to R(z,y,\)~!,
is a dynamical R-matrix with values in Endp (VY @ VV). It is called the dual
R-matrix to R.

Another way to get new R-matrices out of old is by a gauge transformation.
Let ¢y (A) be a meromorphic function on C x h* with values in Auty (V). Let
Yray(A) = Py (A — yh@) Dy (V)@ € Endy(V ® V). Then

Rl/’ (Z7 Y, )‘) = wV@V()‘)_lR(za Y, )‘)wV@)V()\)(Ql)

is another dynamical R-matrix. The corresponding representations of the symmet-
ric group are related by the isomorphism ¢y-en(X) = i, v (X — yE?:iHh(j))(i).

2.3. The elliptic dynamical quantum group E- ,(gl,). In this paper, we focus
on the dynamical quantum group E;,(gl,). The corresponding R-matrix is the
case N = 2 of Example 2.1. With respect to the basis vy ® v1, v1 ® va, V9 ® vy,
V2 & V2,

1 0 0 0
R(z,y,\) = 0 a(zy,A) B(z,y,A) 8
1

)

0 ﬁ(zuyv_A) O[(Z,y7—>\)
0 0 0

where A = A\; — Ay. Since R depends only on the difference A\; — Ao it is convenient
to replace b by the 1-dimensional subspace C spanned by h = diag(1, —1). Then,
under the identification h = C via the basis h, v; has weight 1 and vy has weight —1.
Let (W, L) be a representation of E ,(gl,) and write L(w) = 2?3:1 E;; ® Lij(w).
Then L;;(w) maps W, to W, 9¢;_j) and for f(\) € K, Lia(w) f(A) = f(A+y) Li2(w)

and Li1(w) f(A) = f(A = y)Lir (w).
Example 2.3. The vector representation V(z). Let V = C? with basis vy, vo.

L11(U/)1)1 = 1, Lzz(w)vz = V2

_ fw =20\ +y) 0w — 2)0(A — )
Ly (w)vy = Bw— == y)ﬂ(A)wj Los(w)vy = B =~ )00 vy
Lus(w)or = A+ w = 2)0(y) Lo (10)vs = 0w 20y

0w —=z—y)o(N)"™ 0w — 2 — y)0(N)

and the action on other basis vectors is 0.
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2.4. The Gelfand—Zetlin subalgebra. Let W be a representation of the ellip-
tic dynamical quantum group E; ,(gly). Then Los(w), w € C and the quantum
determinant [5]

O(\ — yh)

A =750

(L11(w + y) Loz (w) — Loy (w + y) L1z (w)) (6)
generate a commutative subalgebra of Endy(W). It is called the Gelfand-Zetlin
subalgebra.

3. SHUFFLE PRODUCTS AND WEIGHT FUNCTIONS

Weight functions are special bases of spaces of sections of line bundles on sym-
metric powers of elliptic curves. They appear in the theory of hypergeometric
integral representation of Knizhnik—Zamolodchikov equations. In [4] they were
characterized as tensor product bases of a space of function for a suitable notion
of tensor products. In this approach the R-matrices for highest weight represen-
tations of elliptic quantum groups arise as matrices relating bases obtained from
taking different orderings of factors in the tensor product. We review and extend
the construction of [4] in the special case of products of vector representations.

3.1. Spaces of theta functions.
Definition 3.1. Let z € C",y € C,\ € C and define ©, (2,9, A) to be the space
of entire holomorphic functions f(t1,...,t;) of k variables such that
(1) For all permutations o € Sk, f(to(1),---»tom)) = f(t1, ..., tr).
(2) For all r, s € Z, the meromorphic function
fltr, .o tr)
k n
Hj:l [Taz1 0t — 2a)

g(tl,...,tk) =

obeys
g(tl, ot r4sT, ... ,tk) = 627”5O\iky)g(tl7 RIS I ,tk).

Definition 3.2. Let z € C",y € C,\ € C and define O} (z,y,A) to be the space
of entire holomorphic functions f(t1,...,t;) of k variables such that

(1) For all permutations o € Sk, f(to(1),---»tom)) = f(t1, ..., tr).

(2) For all r, s € Z, the meromorphic function

fl, .o tk)
k n ’

Hj:l [Tozi 0t — 2o +y)

g(tl,...,tk) =

obeys
g(tl,. oty Fr st .. ,tk) = 6_2W18(A_ky)g(t1,. cootiy ,tk).

Remark 3.3. These spaces are spaces of symmetric theta functions of degree n in
k variables and have dimension ("‘H,z_l). Actually ©~ depends on the parameters
only through the combination ZZ=1 2q + A — ky and ©F through the combination

S za— A= (n—k)y.
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Example 3.4. For z € Cand all £ =0,1,2,..., ©,(z,y, ) is a one-dimensional
vector space spanned by

k
RGER DN H (A=t +2z—ky),

@+( z,y,A) is a one-dimensional vector space spanned by
k
wi 2y, ) = [T 0O+t — 2+ (1= k),
j=1
Remark 3.5. For z € C", y,A € C, O, (2,9,\) = @Z(z7y7—)\ — (n — 2k)y) and
wi (t2,y,A) = (=1)Fw (t; 2,9, =X — (1 — 2k)y). It is however better to keep the
two spaces distinct as they will be given a different structure.
3.2. Shuffle products. Let Sym denote the map sending a function f(t1,...,%)
of k variables to the symmetric function ZUES Fltoy s to(r))-

Proposition 3.6. Let n=n'+n", k =k + k" be non-negative integers, z € C",
2= (21, ,2n), 2/ = (Zn'41,---,2n). Then the shuffle product

*: @f, Gy, +yn” —2K") ® @k,,( "y, A) = @f(z,y, A),
sending f ® g to

1
Frg(t) = ZpmSym (F(tr - tr)g (b )™ (5 2,9))

with
K k tl —t + y) k n’ kK n
“(tzy) = H H IT ITet—=) 11 II 0 —2+w),
J=1 =kt tl_t) I=k'+1 a=1 G=1b=n’+1
k' k T k' n
Tty =] H bl it y) H H9 —z+y) 1 II 0t - =),
G=11=k'+1 t —t) I=k'+1 a=1 J=1b=n/+1

is well-defined and associative, in the sense that (f x g) * h = f x (g * h), whenever
defined.

Remark 3.7. In the formula for f % g in Proposition 3.6 we can omit the factor
1/K'k"! and replace the sum over permutations defining Sym by the sum over
(k', k" )-shuffles, namely permutations o € Si such that o(1) < --- < o(k’) and
ok +1)<--- < o(k).

Proof. This is essentially the first part of Proposition 3 of [4] in the special case
of weights A; = 1. The proof is straightforward: the apparent poles at t; = t; are
cancelled after the symmetrization since (t; — ¢;) is odd under interchange of ¢;
with ¢;. Thus f*g is a symmetric entire function. One then checks that every term
in the sum over permutations has the correct transformation property under lattice
shifts. O

Proposition 3.8. The maps * of Proposition 3.6 define isomorphisms
EBg’:OGf’ (Z/a Y, A + y(n/, - 2k”)) by 619 k'( Na Y, A) — 6%(27 Y, >‘>
for generic z,y, A.

We prove this Proposition in 3.12 below.
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3.3. Vanishing condition. The shuffle product * preserves subspaces defined by
a vanishing condition. It is the case of the fundamental weight of a condition
introduced in [4], Section 8 for general integral dominant weights.

Let (z,y,A) € C™ x C x C. We define a subspace (:)f(z, Yy, A) C @f(z, y,A) by a
vanishing condition:

+ .
@i(z,y,)\) _ 01 (2,9, A) if k=0,1,
k {f: flt1,- s th-2y2a,24 —y) =0,1<a<n,t; €C}, ifk>2.

Example 3.9. For n =1,
7 0f(z,y,\)=C, k=0,1
@i ’ 7)\ — k v J 9 PR}
k(29 A) {0, k> 2.

Indeed, the condition is vacuous if k¥ < 1 and if & > 2 then w,f(z; z2—y,tg,...) =

O(A —ky)0(A + (1 — k)y) times a nonzero function. For k=1, n > 1, O (z,y,\) =
(9I—L(z7 y,A). For k=2 n=2, @ét (21, 22,¥,A) is a one-dimensional subspace of the
three-dimensional space O3 (z,y, \).
Proposition 3.10. The shuffle product restricts to a map

@Z’:Oé%’ (Z/, Y, A + y(n,/ - Qk//)) ® éf—k/ (lev Y, )\) — (:);ct (27 Y, )‘>7
which is an isomorphism for generic values of the parameters.

The proof is postponed to 3.12 below. By iteration we obtain shuffle multiplica-
tion maps

(2,9, \): @ ®C:)i (za,y,)\—y Z (2k:a—1)> = O (21, 20, Y, N),

Yko=ka=1 b=a+1
defined for (z,y,\) € C" x C x C and k£ = 0,1,2,.... The direct sum is over the
(}) n-tuples (ki,...,ky) with sum k and k, € {0,1}, a=1,...,n.
Corollary 3.11. The maps (iki(z,y,)\) are isomorphisms for generic (z,y,\) €
C" x CxC.
Thus, for generic z,y,A € C* x C x C, (:)f(z, ¥, A) has dimension (2) and is zero
if £ > n.
3.4. Duality.
Proposition 3.12. The identification
0: @;:(27317 )‘) — GZ(Z7y7 A - (Tl - 2k)y)
of Remark 3.5 (the identity map) restricts to an isomorphism
C:),I; (Za Y, >\) — (:)Z_(Zaya A= (Tl - 2]6')3/)7
also denoted by o. For f € O, and g € O, as in Proposition 3.6, the shuffle
product o(g) * o(f) is well-defined and obeys
o(f * g) = olg) = o(f).
Proof. Tt is clear that the vanishing condition is preserved. The last claim follows
from the identity
e (tzy)=¢
for the functions appearing in the definition of the shuffle product. O

+
(tk)’+17"'7tk:7t17'°'7tk’;zn'+17"°7Zn72:17"'7z’ﬂ’7y)
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Remark 3.13. For n =1 we have o(w;, ) = (—1)*w;", see Example 3.4.
3.5. Weight functions. For (z,y,\) € C" x C x C, let

éi(z, y7 >‘) = @Z:Oé:kt(za ya )\)
It is an h-module with (:)f of weight —n + 2k. Let vy, v2 be the standard basis of
C?. If n = 1, we identify 0% (2,9, \) with C? via the map wi® + v1,wTE > vy. Then
Ot (z,y,\) = @k@,f(z,y, A) is a linear map

(C*#" = 0% (2,4, \).

It is a homomorphism of h-modules. Then a basis of (C?)®" is labeled by subsets
Iof [n]={1,...,n}: v = vj1) @+ @Vj(y) With j(a) =2 if a € I and j(a) =1 if

a € I, the complement of I.
Definition 3.14. The weight functions wi (t;z,y, \) are the functions
wi (52,9, A) = DF (2,9, \ur € 05 (2,9, M.

In particular, for n =1, wg = woi, w{il} = wf:. Corollary 3.11 implies:

Proposition 3.15. Let (z,y, A) be generic. The weight functions w%(-; z,y, A) with
I Cn], |I| =k form a basis of the space @f(z,y7 A) of theta functions obeying the
vanishing condition.

Example 3.16. Fork=1landn=1,2...,2€eC",yeC, A eC,a=1,...,n,

a—1 n
Witz g ) =0 —t+z+yn—a—1) [[ 0t —2) [] 6¢—2+y),
b=1 b=a+1
a—1 n
Wi 2y ) =0+t —zo+y(n—a) [T 0 —2+y) ] 0¢—2).
b=1 b=a+1

3.6. R-matrices. Note that while ©(2,y,)) is independent of the ordering of
21,...,%n the map @ki, does depend on it and different orderings are related by R-
matrices, as we now describe. We define R-matrices R*(z,y, \) € Endy(C? ® C?)
by

RE (21 — 20,4, \) = ®F (21, 20,4, \) 10T (29, 21,4, \) P,
where Pu®v = v®u is the flip of factors. Up to duality and gauge transformation,
these R-matrices coincide with the elliptic R-matrix of Section 2.3:

Proposition 3.17.
(i) Let s; € Sy, be the transposition (i,i+ 1). Then

n
(i)i(sizvyv A) = ‘i’i(za Y /\)Ri(zi —Zi4 Y A Y Z h(j))(i’iH)P(i’iH)~
j=it2
(ii) The R-matrices RT obey the dynamical Yang-Bazter equation (2) and the

inversion relation (3).
(iii) With respect to the basis vi ® v, V] ® Vo, Vs @ V1, Vo ® v9 of C? @ C?,

1 0 0 0
= R"(z,y,))

o OO
=2
|
\’N
=
I
p
N—
Q
0
n
=
>
N—
_ o O
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is the dual R-matriz, see 2.2, with the standard identification of C% with

(C%H)* and
1 0 0 0
0 04(273%—/\) B(ZayaA) 0
+ _ _
FEN =10 By -2 alzyn o | =HE8Y
0 0 0 1

is the gauge transformed R-matrixz with
NI\ — 0
w(/\)_( ()(() Y) 1>.

Corollary 3.18. Let (z,y,\) € C" x C x C be generic and set

Si(z,y,A) = R(zi — zit1, Y A — ¥ z”: p@)) @i+ plith) ¢ gnd, ((C2)%"),
j=it2

i=1,....,n—1, ¢f. (4).

(i) Forte Ck, let w(t;2,y,\) = 2orci =k w1 (62,9, Nvr. Then

w(t2,y,A) = Si(z,y, Nw™ (t; 552, 9, A).
(i) Let Yyeon(N) = [Ty WA — y;:h9) D cf. 2.2 Then
Ot (si2,y, Npven (N) 7 = @F (2,5, Nhyen () 71Si(2, 9, A).

3.7. A geometric representation. Let zi1,...,2,,y, A be generic and w € C.

Recall that we identify ©F (w,y, A) with V = C? via the basis w;",wy. Consider
the shuffle products®

p+: V®C:)+(Z1,. . 'aznyyvA) - éJr(waZl:' . -aznvyv)\)7

pb-—: é+(211 s 2y Y, A= yh(2)) RV — é+(w7 Ry 52y Y, )‘)
Then varying w and denoting P the flip of tensor factors, we get a homomorphism

Uw,y,\) =p;'op_oP e Hom(V @O (z,y,\— yhW), V@ 6% (2,4, \)).

By construction it obeys the dynamical Yang—Baxter equation

R+ (wl —w2,Y, A= yh(3))(12)£(,w17 Y, )‘)(13)£(w27 Y, A— yh(l))(23) (7)

= g(wh Y, )\)(23)6(’(1)2, Y, A— yh(Q))(l?))R-‘r (U}l - w2,Y, A— yh(3))(12)

in Hom(V @ V ® 01 (z,y,A — y(h() + h?)),V @ V ® 61(2,,))). By varying
A we obtain a representation of the elliptic dynamical quantum group as follows.
Let (z,y) € C™ x C be generic and consider the space @:(z,y)reg of holomorphic
functions f(¢,\) on C* x C such that for each fixed A\, t — f(t,\) belongs to

O7F(2,y,A). It is a module over the ring O(C) of holomorphic functions of A. We
set

é:(Z, y) = é:(za y)rcg ®O(C) K.
It is a finite dimensional vector space over K, and for generic z,y it has a basis
given by weight functions wj, |I| = k.

3The compressed notation we are using might be confusing: the map p4 is actually defined on
@O (w,y, A+ (n — 2k)y) ® é: (2,9, A). The identification of the first factor with V' depends on
k through the A-dependence of the basis vectors wi

i -
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Proposition 3.19. Let z1,...,2,,y be generic complex numbers. Then
O (21,...,2n,y) = @220@2'(21, ey ZnyY)-
is a representation of the elliptic quantum group E. ,(gly) with the L-operator
L(w)(v ®u) = (A — yh@)De(w,y, VNP we 5 u),  ve V.
Here v is the gauge transformation of Proposition 3.17.

Proof. The homomorphisms ¢ obey the RLL-type relations (7) with R-matrix R™
which, according to Proposition 3.17, is obtained from R by the gauge transforma-
tion . It is easy to check that

Uw,y, 2) = oA = yh?) D e(w,y, \) (p(2) W
obeys the same relations but with BT replaced by R. It follows that the correspond-
ing difference operators define a representation of the elliptic dynamical quantum
group. ([

Remark 3.20. It follows from the previous section that this representation is iso-
morphic to the tensor product V(24(1)) ®- - -®@V (24(y)) for any permutation o € S,,.
However this identification with a tensor product of evaluation vector representa-
tions depends on a choice of ordering of the zy,..., z,, while ©T(21,...,2,,y,))
depends as a representation only on the set {z1,...2,}.

3.8. Pairing. We define a pairing of ©, with 627 taken essentially from [20],
Appendix C. Note that the product of a function in ©, (z,y,A) and a function
in O (2,y,A) divided by the products of Jacobi theta functions in part (2) of
Definitions 3.1 and 3.2, is a function which is doubly periodic in each variable ¢;
with poles at t; = z, and at t; = 2z, —y, a = 1,...,n. It can thus be viewed

as a meromorphic function on the Cartesian power E* of the elliptic curve E =
C/Z+T7Z).

Definition 3.21. Let 21...,2,,y € E such that z, # 2, + jy for all 1 < a,b < n,
1<j<n-—1,andlet vy € Hi(E~{#,...,2,}) be the sum of small circles around
Zq,a =1,...,n,oriented in counterclockwise direction. Let D C E* be the effective
divisor D=U"_, UF_ |, ({t € E*: t; = z,} U{t € E*: t; = 2z, — y}). The symmetric
group S}, acts by permutations on the sections of the sheaf O(D) of functions on E*
with divisor of poles bounded by D. Let { ): ['(E*, O(D))% — C be the linear
form

0(y)"* 0(t; — t;)
f_><f>:7/ flta, ..o tk) |I — Tty - diy.
(2mi) kL fye Leiirey Ot =1+ )
For k = 0 we define ( ): C — C to be the identity map.

Lemma 3.22. Let f € T'(E* O(D))%. Then

1<ip < <ipg<n

ot — 1)
=0 k r =z;, " T€S¢ =z, ) TP
(N=06)" 3 xesumsresues, | fot) 1;! 0t —t; +y)

Proof. By the residue theorem, (f) is a sum of iterated residues at ¢; = 24
labeled by maps a: [k] — [n]. Since 6(¢; — t;) vanishes for t; = ¢;, only injective
maps a contribute non-trivially. Moreover, since the integrand is symmetric under
permutations of the variables ¢;, maps a differing by a permutation of {1,...,k}
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give the same contribution. Thus we can restrict the sum to strictly increasing
maps a and cancel the factorial k! appearing in the definition. ([

Definition 3.23. Denote @ = Hle [Ih_; 0(ti — 2a)0(ti — za + y) and let
(5 )05 (25,2) @6 (zyA) = C

be the bilinear pairing (f,g) = (fg/Q), defined for generic z € C*,y € C. Note
that fg/@ is an elliptic function of ¢; for all i.

Here is the explicit formula for the pairing:

__0w)* fl, o te)g(ty, - tr) o(ti —t;)
(f:9) = @ri)*E! S [T, 0t — 2a)0(ti — 20 + y) g O(t; —t; +vy) di - die. (8)
Lemma 3.24. Let n=1. Then (wy ,wi) =1,
(wiwi') = 0(A =)o),
and {wy ,w;i) =0 for k> 1.
Proof. The first claim holds by definition. We have
OAN—t+z—y)bA+t—2)
Ot —2)0(t — 2 +y)

For k > 2, the residue at t; = z is regular at t; = z for ¢ > 2 and thus the iterated
residue vanishes. O

(wi s wi") = 0(y) res,—. dt = 0\ — y)(\).

Proposition 3.25.
(i) The pairing restricts to a non-degenerate pairing Oy, (z,y, \)@O{ (2,4, ) —
C for generic z1,...,2zn, Y, \. B
(ii) In the notation of Proposition 3.10, suppose f; € @;; (2, y, \+y(n’ —=2k)),
gi € (:)zﬂ,(z",y,)\), i=1,2 and Ky + ky, = kY + kY. Then

(f1,91)(f2,92) if Ky = kY and k = k3.
0, otherwise.

(f1* f2,91 % g2) = {

Proof. 1t is sufficient to prove (ii), since with Lemma 3.24 it implies that, with a
proper normalization, weight functions form dual bases with respect to the pairing.

We use Lemma 3.22 to compute (f1 * f2, g1 * g2). Let us focus on the summand
in Lemma 3.22 labeled by i; < --- < i, and suppose is < n’ < isy1. Due to the
factor 6(t; — z,) in ¢~ , see Proposition 3.6, the only terms in the sum over shuffles
having nonzero first s residues €Sty =z, 5 - - T€S¢, =z, AIE those for which tq,...,%
are arguments of f1. In particular the summand vanishes unless s < k. Similarly
the factors 6(t; — z;) in ¢ restrict the sum over shuffles to those terms for which

tsi1,-..,tr are arguments of go, so that the summand vanishes unless s > k—kf =
Ky, Tt follows that if k] < kb then (fy * f2,g1 * go) vanishes and that if k] = k7,
the pairing can be computed explicitly as sum over i1 < -+ < is < 0/ < gy <

- < ik, with s = K, of terms involving fig1(2;,, .. .,zik,l)fggg(zik,1+1, ey B )

The coefficients combine to give (f1, g1)(f2, 92)-

There remains to prove that the pairing vanishes also if k7 > k}. Here is where
the vanishing condition comes in. We first consider the case where kf — k5 = 1 and
then reduce the general case to this case.
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As above the presence of the vanishing factors in ¢* imply that the non vanishing
residues in Lemma 3.22 are those labeled by i1 < -+ < 4, such that at least kY
indices are > n/ and the corresponding variables t; are arguments of g; and at
least k) indices are < n’ and the corresponding variables are arguments of fo. If
ki — k} = 1 there is one variable left and we can write the pairing as a sum of
one-dimensional integrals over this variable:

[ fi(za,t)91(2B) f2(24)g92(t, 2B)
IA,B[/ IERERE) dt. (9)

Here z4 = 2a;,...,%a,, With a; < n' and zp = 2,,...,2,, with b; > n’. The
2 1

point is that in h(z,t) several factor cancel and one obtains

h(Z,y7t):C(Z,y) H e(tfz(:) H g(tsz‘Fy)v

c€AUB ceAUB

for some t-independent function C(z,y). Because of the vanishing condition, the
integrand in (9) is actually regular at ¢ = z. — y and the only poles are at ¢t = z,
c € AU B. By the residue theorem I4 g = 0.

Finally, let us reduce the general case to the case where k] — k} = 1. We use
induction on n. By Lemma 3.24 the pairing vanishes unless £k = 1,0 so there
is nothing to prove in this case. Assume that the claim is proved for n — 1. By
Proposition 3.10, we can write g3 = hyxmq and go = hoxmeo with m; € @;i (Zn, Yy A).
By Lemma 3.24 we can assume that r; € {0,1}. By the associativity of the shuffle
product we can use the result for k] — k4 = 1 to obtain that the pairing vanishes
unless 1 = ro and

(f1 * g1, fa * ga) = (f1 * ha, fa * ha)(m1,ma).

By the induction hypothesis, this vanishes unless k] = kb. O

We obtain orthogonality relations for weight functions. To formulate them we
introduce some notation. For I C [n] and 1 < j < n we set

n(j, 1) =l ][l e I,1>j}], 10)

w(j, I) =n(4,I) —n(j,I).

Thus —w(j, I) the sum of the weights of the tensor factors to the right of the j-th
factor in vy.

Corollary 3.26. (cf. [20, Theorem C.4])
<w;a Wj> = 6I,Jw1(y7 >\)7
where 1 (y, A) = [1;e; 0(A = (w(G, ) + 1)y)0(A — w(j, D)y).

3.9. Normalized weight functions. By construction the weight functions w,i

are entire functions of all variables and obey the vanishing conditions
wli(za,za —y,tg,... btk 2,y,A) =0, a=1,...,n.

This motivates the following definition.
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Definition 3.27. The normalized weight functions w;t are the functions

_ wr (52,9, )
w t; Z7 7A = I 9
r(t2y.3) [licjmicr 0t; —ti+y)
Tt A
wi (2,9, 0) = Wi (i p )

Uy, M) i<y < 0 —ti+y)

Remark 3.28. The factor 1/1);, defined in Corollary 3.26, simplifies the orthogonal-
ity relations and the action of the permutations of the z; at the cost of introducing
poles at A + yZ modulo Z + 7Z.

Let I = {i1,...,ik} C [n] and f(t1,...,tx) a symmetric function of k variables.
We write f(zr) for f(z,...,2,)-
Lemma 3.29. For each I,J C [n] such that |I| = |J|, the weight functions

wy (275 2,9, A) and ¥r(y, \wy (27;2,y,\) are entire functions of z,y, \.

Proof. The vanishing condition implies that wli (Za, 2b, t3, - . . ) is divisible by 6(z, —
za+Y) so that the quotient by 0(t2—t1+y) is regular at 2z, = z,—y after substitution
t1 = Zq,t2 = 2. Since wy is a symmetric function, the same holds for any other
pair t;,%;. O

The orthogonality relations become:

Proposition 3.30. (c¢f. [14,15,17]) Let I,J C [n], |I| = |J| = k. The normalized
weight functions obey the orthogonality relations

w;(’ZKV ZY, )‘)Uﬁfk(ZKa z,Y, )‘)
K HaEK Hbef( 0(za — 25)0(2a — 26 + y)

The summation is over subsets K C [n] of cardinality |K| = k.

=07,

Proof. This is a rewriting of Corollary 3.26 by using Lemma 3.22. (]

We will also use the orthogonality relations in the following equivalent form.

Corollary 3.31. Let I, K C [n], |I| = |K| = k. We have

Hael,befe(za - Zb)a(za — 2+ y); I:K,
0, otherwise.

Zw;(zlazvya )\)w}r(szz»yJ\) = {
J

Proof. Let

w]_(Zszay7)‘) wj(ZKyza:%)‘)

TIK = ) YKJ = .
HaeK,bef( 0(za — 2v) HaeK,bef( 0(za — 2o +y)

Proposition 3.30 claims that the matrix (z7x)r x is the left inverse of the matrix
(yxJ)K,s- This implies, however, that the matrix (x7x)s k is also a right inverse
of (yxs)k,s, which is equivalent to the statement of the corollary. O

Weight functions have a triangularity property. Introduce a partial ordering on
the subsets of [n] of fixed cardinality k: if I = {i; <--- <ipfand J={j1 < --- <
Jr}, then I < Jif and only if i1 < jq, ..., ix < Jk.
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Lemma 3.32. Let e: [n]?2 — {0,1} be such that
L
e(a,b):{’ ifa>0b,

0, ifa<b.
Then
(i) wy (275 2,9, \) vanishes unless J < I and
wy (213 2,9, A H9 w(a,l)+ 1)y H 0(za — 2p + €(b,a)y).
a€l aclbel

(ii) w} (z7,2,y,A) vanishes unless I < .J and

w (s 2 _ [lacrper0(za — 2 + €(a, b)y)
P N = T G0 (e D)+ Dy)

3.10. Eigenvectors of the Gelfand—Zetlin algebra. The normalized weight
functions w; evaluated at z; provide the (triangular) transition matrix between
the standard basis of (C?)®" and a basis of eigenvectors of the Gelfand-Zetlin
algebra. The Gelfand—Zetlin algebra is generated by the determinant A(w), see
(20), and Laa(w). The determinant acts by multiplication by

0w -z +y)
H 0w —2;)

i=1

We thus need to diagonalize Log(w).
Lemma 3.33. Let 0 <k <n, [k] ={1,...,k}. Then

k
= H O+ (n—k —i)y)vp € V(21) @ @ V(zn)

is an eigenvector of Las(w) with eigenvalue
k )
1;[ O(w— 24 —y)
Proof. (see [8,15,17]). Since Loj(w)v; = 0 = Lia(w)ve, the action of Lag(w) on
Ok ®v§®”7k is simply the product of the action on all factors, with the appropriate

shift of A. Since Loa(w) acts diagonally in the basis vy, vy one gets the result by
straightforward calculation. (|

For I C [n],|I| =k, define

€1 = 120\ Z o wy (21,29, \) . (11)

|J|=k acl,bel ( — 2b + y)

By Lemma 3.32 this definition is consistent with the one for £ above.

Proposition 3.34. (cf. [8,15,17]) The vectors &, I C [n], |I| =k form a basis of
eigenvectors of the operators of the Gelfand—Zetlin algebra on V(zl) R ®V(zn):
- 9(’(1} — Za + y)
A = _ L = .
(wiér =] 0w — 20 §r,  Loo(w)ér = H Bl — =, —y) 94

a=1 acl
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Proof. By Corollary 3.18 (i), we have that

gI(Za Y, )‘) = Sz(za Y, )‘)gsi-l(siza Y, )‘)

Thus &;7(z,y, A) is related to &s,.7(s;2,y, A) by a morphism of representations of the
elliptic dynamical quantum group. If |I| = k then there is a permutation o such that
o -1 = [k] and thus &7(z,y,\) = p(0) {(0 - 2,y,A) for some morphism p(c). Since
(2,9, A) is an eigenvector of Lap(w) with eigenvalue pp(w;z,y), see Lemma
3.33, we deduce that &;(z,y,)\) is an eigenvector with eigenvalue pj(w;z,y) =
pig) (w0 - 2, y). O

3.11. An explicit formula for weight functions. Let [ = {i; < iy < -+ <
i} C [n] and recall the definition (10) of w(i,I) and of ¢ in Corollary 3.26. We
set

0ty — za + v), if a < iy,
IF(rast,z,y,\) = < O\ + t, — 2o — w(iy, Dy), if a=1i,,
Ot — 24), if a > i,
and
a(tr - Za)a ifa < Ty
ll_(r,a;t,z,y,)\) = 9()\_tr+za_('UJ(Zr,I)+1)y), ifa:ir,
e(tr_za+y)7 ifﬂ;>ir.
Then
k n
’LU+ (t z,y )\) _ 1 Sym H’r‘:l Ha:1 l;r(ra a;t, z, Y, )‘)
e Y1y, A) [licicjcr 0t —)0(t; —ti +y) )’
and

Hf:l HZ:l l; (Ta a; t7 z,Y, )‘)
[licicj<r 0t —)0(t: —t; +y)

3.12. Dual bases and resonances. Here we prove Propositions 3.8 and 3.10.
They are corollaries of the following more precise statement:

wy (t;2,y,\) = Sym <

Proposition 3.35. Let A =Z + 7Z and fix (z,y,\) € C* x C x C. Assume that
Za—2b—SY €A, foralla#b,s=0,....k, \—sy & A forall s € S CZ for some
finite S depending on k and n.
(i) Let wkia = w,i (t; 20, A + Y 2 y—uir (1 — 2kp)), see Example 3.4. Then the
family

wi ek wil, keZh > ka=k
a=1
is a basis of OF (z,y,\).
(ii) The subfamily indeved by (ku)y—y such that k, € {0,1} for all a is a basis
of ©;; (2, A).
Part (i) and a special case of (ii) are proved in [4]. The proof relies on the fol-
lowing construction of linear forms whose evaluations on the members of the family

form a non-degenerate triangular matrix. For a symmetric function f(¢1,..., )
and w € C, define ev,, f to be the symmetric function of k — 1 variables

vef(tlv cee >tk—1) = f(tla cee 7tk—1aw)'
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It is easy to check that ev,, maps @f(z,y, A) to qu(z’ y,Aty). For £ € Z>o and
f a symmetric function of k£ variables set

f if 0 =0,
eV, e(f) = § eVagy 0 -0 evy_yoevy,(f) if 1 <l<Ek,
0, otherwise.

ln, S ei(zvyu )‘)*

.....

Finally, for ¢ € Z2,,>""_, ¢, = k we introduce linear forms e,
€1yl = CVzp f, © " O €V 4.

The following result is a special case of Proposition 30 from [4] (adapted to the
conventions of this paper). It can be checked by induction using the fact that the
evaluation points are such that at most one shuffle in the definition of the shuffle
products contributes nontrivially.

Lemma 3.36. Let (z,y,A) € C" x Cx C, k,0 € Z%, with Y \'_ ly = >
Then -
(i) Let fo € O (Zas s A =YX y—yy1(2ky = 1)), a=1,...,n. Then

n
a=1 ka

€y, 0, (f1x % fn) =0,
unless b1+ -+ 4, <ki+---+k, forallp=1,...,n, and

ky—1 ko—1
<[ <H 0(z — 20 —ys) || 0(zazb+y(ls))> .
s=0

a<b \ s=0
(i) Let w; be the basis of ©, (z,y, ), z € C, defined in Example 3.4. Then

k
ev, pwy = H O(A — sy).
s=1

Setting f, = wy , a=1,...,n gives a proof of Proposition 3.35 (i) in the case of
©~. The case of ©F is reduced to this case by Proposition 3.12.

We turn to the proof of Proposition 3.35 (ii). In the notation we have introduced
here, (:)f(z, Y, A) is the intersection of the kernels of ev,, o fora=1,...,n.

Let (z,y,A) € C" x Cx C and 1 < ¢ < n. In the following Proposition we
describe the interaction of ev,, and ev, _, with the shuffle product. By using the
identifications of Remark 3.3, we view these maps as maps between the following
spaces:

ev,,: @f(z,y,)\) — @f_l(zl, ey Ze =Yy Zny Yy Ay
eV, _y: @f(z, Y, A) = @ffl(zl, cesZe F Yy Zny Y, A £ 20).
Proposition 3.37. In the notation of Proposition 3.6, let f € ©,(2',y, \+y(n” —
2k")), g € ©,.,(2",y,\). We have
(i) eve (fxg) =eve (f) * gl 0z =2 +y),  1<e<n,
(i) eveimy(f29) = Frove (@ TTio 6z — 20 —y), 0/ <ec<n.
Similarly, let f € @;:, 2y, \+y(n" —2k")), g € @'k"/,(z”, y,A). We have
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(iii) eVzc—y(f *g) = evzc—y(f) * QHZ:nurl 0(ze — 2+ Yy), 1<e<n,
(iv) €V, (f*xg)=[fx* evzc(g) HZ:1 0(ze — za — V), n <c<n.

Proof. (i) Due to the factor Hf:k'/—i-l 0(t; — z.) in the definition of ¢, see Propo-
sition 3.6, the only terms in the sum over permutations contributing nontrivially
to ev, (f % g) are such that ¢, is an argument of f. Thus ev, (fxg) =ev, (f)*g
times a factor that is computed explicitly. The proof of (ii)-(iv) is similar. O

By iterating, we obtain:

Corollary 3.38. Let f € O, (2, y, A+ y(n" —2k")), g € ©,.,(2",y,\). We have

evzc,2(f * g) - eVzC,Q(f) * g H a(zc —2p + y)e(zc - Zb)v 1 S c S TL/,
b=n’+1
evy o(f*g) = fxev,, 2(g) H 0(ze — 2o — y)0(2c — 2a), n' <c¢<n,

a=1

and similarly for ©F. In particular, if f and g satisfy the vanishing condition then
also f * g does.

Proof of Proposition 3.35, (ii). We give the proof for ©; (z,y, ). The proof for
O (2,9, A) is similar or can be deduced using the duality map of Proposition 3.12. It
follows from Corollary 3.38 that the indicated subfamily does belong to @,; (2,9, N).
It remains to show that it is a spanning set. By Proposition 3.35, (i), we know that
any element of (:),; (2,9, A) can be written as linear combinations

g Akt ok Why %0k W,

On the other hand, the linear form e, . %, vanishes on (:),; (z,y,\) if kg > 2 for
some a, since it involves the evaluation at z,, z, —y. By Lemma 5.17, the coefficients
Aks,....k, Must thus vanish if at least one k, is > 2 which is what we had to prove.
O

4. EQUIVARIANT ELLIPTIC COHOMOLOGY OF (GRASSMANNIANS

Let E be an elliptic curve and G a compact group. Equivariant elliptic cohomol-
ogy was postulated by Ginzburg, Kapranov and Vasserot in [7] as a functor E¢ from
pairs of finite G-CW complexes to superschemes satisfying a set of axioms, gener-
alizing those satisfied by equivariant cohomology and equivariant K-theory. One of
them being that for a point pt, Eg(pt) is a suitable moduli scheme of G-bundles on
the dual elliptic curve. For example Ey () (pt) = E(™M = E"/S, and for an abelian
group A with group of characters X (4) = Hom(A, U(1)), E4(pt) = Hom(X (A), E).
By functoriality, the scheme Eg (M) comes with a structure map

PG Ec;(M) — Eg(pt).

For a complex elliptic curve, the case we consider here, a construction of equivariant
elliptic cohomology was given by Grojnowski [7,10]. It has the property that for a
connected Lie group G with maximal torus A and Weyl group W then W acts on
Es(M) and Eg(M) = EA(M)/W.
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4.1. Tautological bundles and Chern classes. Let E be a complex elliptic
curve. The unitary group U(n) and its maximal torus A = U(1)™ act on the
Grassmannian Gr(k,n) of k-dimensional subspaces of C". The A-equivariant co-
homology of Gr(k,n) was described in [7, Section (1.9)], and is analogous to the
classical description of ordinary equivariant cohomology in terms of Chern classes
of tautological bundles. The Grassmannian has two tautological equivariant vector
bundles of rank k and n — k, respectively. They give rise to a characteristic map [7]

X: Ea(Gr(k,n)) = Eyg)(pt) X Eym_r)(pt) = E® x EC7H.

Here E*) = EF /Sk denotes the symmetric power of the elliptic curve, which is
the U(k)-equivariant cohomology of a point. Together with the structure map to
E4(pt) we have a description of the equivariant elliptic cohomology as the fiber
product of E®) x E("=k) and E™ over E(™, namely, we have the Cartesian square:

EA(Gr(k,n)) — E® x E(r=Fk)

{ {
E" — EM,

The left vertical arrow is the structure map to E4(pt); the maps E* — E™
and E®) x E(=k) 5 E() are the canonical projections. Thus E4(Gr(k,n)) =
(B®) x EC=F)) x oy E™.

The symmetric group S,, (the Weyl group of U(n)) acts on the diagram above
(with trivial action on the right column) and the U(n)-equivariant cohomology is
the quotient by this action:

Eumy(Gr(k,n)) = Ea(Gr(k,n))/S, = E® x E®=9.

4.2. Moment graph description. An alternative useful description of the equi-
variant elliptic cohomology is via the localization theorem, proved by Goresky,
Kottwitz and MacPherson [9] for equivariant cohomology and generalized to elliptic
cohomology by Knutson and Rogu [18]. For partial flag varieties such as Grassman-
nians it is described explicitly in [6, Example 4.4]. The action of A on the Grass-
mannian Gr(k,n) has isolated fixed points labeled by subsets of [n] = {1,...,n}
with k elements. The fixed point x; labeled by I C [n] is the k-plane spanned by
the coordinate axes indexed by I. The inclusion of the fixed points z; induces a
map tr: Ea(pt) = E4(Gr(k,n)) and it turns out that F4(Gr(k,n)) is the union of
the .7 E4(pt) >~ E™ where I runs over the subsets of [n] with k elements.

Let T be the graph with vertex set I'g the set of subsets I C [n] with |I| =
k elements and an edge connecting I with I’ for each pair of vertices such that
|[INI'| = k—1. In this case I = JU{a} and I’ = JU{b} with |J]| = k—1 and we set
App ={z € E", z, = z,}. We then have inclusion maps Ay — 11 Ea(pt) = E™,
A]’p — L[/EA(pt) = FE"™.

Proposition 4.1. We have the coequalizer diagram
Uirnr=k—1A1,10 = Urcp, =" — Ea(Gr(k,n))).

In other words, E4(Gr(k,n)) is the union of copies of E™ labeled by subsets I C
[n] of size k, glued along the diagonals Ay ,. The structure map E4(Gr(k,n)) —
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E™ is the identity on each copy. The isomorphism between the two descriptions of
E4(Gr(k,n)) is induced by the map

u[c[n],\l\:kEn — (E(k) X E(n_k)) X gy E™
whose restriction to the copy E™ labeled by I is
zZ = (Z,Z],Zj), 1 = (Zi)iGU R = (Zj)jef~

It is easy to check directly Proposition 4.1 using the fiber product as a definition
of the equivariant elliptic cohomology.

4.3. Cotangent bundles and dynamical parameter. The action of U(n) on
the Grassmannian induces an action on its cotangent bundle X, = T*Gr(k,n).
Additionally we have an action of U(1) on the cotangent bundle by scalar multipli-
cation on the fibers, so we get an action of

G=U(n)xU(Q)
and its Cartan torus
T=AxUQQ)=U@)"t
Since the cotangent bundle is equivariantly homotopy equivalent to its zero section,
the equivariant elliptic cohomology is simply
ET(X/C,”) = EA(GI“(k,n)) X E,
a scheme over Er(pt) = E"™ x E, and
EG(Xk,n) = EU(n)(Gr(k,n)) X E,

a scheme over Eg(pt) = E™ x E.
We will consider, as in [1], an extended version of elliptic cohomology to accom-
modate for dynamical variables in quantum group theory, namely

Er(Xpn) == Er(Xpn) x (Pic(Xgn) @z E) = Er(Xp.,) x E,

a scheme over Ep(pt) = E™ x E x E (the Picard group of the Grassmannian
is infinite cyclic generated by the top exterior power of the tautological bundle).
Similarly, we set

EG(Xk,n) = EG(Xk,n) X Ea

which is a scheme over Eg(pt) = E(™ x E x E.

The fixed points zx for the A-action on the Grassmannian are also isolated
fixed points in the cotangent bundle of the Grassmannian for the T-action and we
have maps 1 = E‘T(iK): ET(pt) — EA‘T(Xk’n) induced by the inclusion i : pt —
Tx. Then ET(X k,n) consists of the components LKET(pt), where K runs over the
subsets of [n] with k elements. By Section 4.1, we have a description of ET(X;ML)
as a fiber product:

Er(Xpn) = (E® x B0 x o) E" x E x E.
In particular we have the characteristic embedding
c: Br(Xp) = E® x B x E" x Ex E (12)

of the extended T-equivariant elliptic cohomology scheme into a non-singular pro-
jective variety.
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5. ADMISSIBLE LINE BUNDLES ON Er(Xj.,,)

5.1. Line bundles on FEP. Line bundles on complex tori are classified by the
Appel-Humbert theorem, see Section 1.2 in [13]. In the special case of powers of
generic elliptic curves this reduces to the following explicit description: let E = C/A
with A = Z + 7Z so that EP = CP/AP. For each pair (N,v) consisting of a
symmetric integral p x p matrix N and v € (C/Z)? let L(N,v) be the line bundle
(CP x C)/A? — EP with action

A (zyu) = (z+ Nex(z)u), AeAP, x2eCP, weC,
and cocycle

nth(_e

en+m7(x) — (_1) ifr‘r)thme27rimt(Nac-i—v)7 n,m € 7P,

Proposition 5.1.

(i) L(N,v) is isomorphic to L(N',v") if and only if N = N’ and v = v/
mod AP.

(ii) For genmeric E, every holomorphic line bundle on EP is isomorphic to
L(N,v) for some (N,v).

(111) E(Nhl}l) X ;C(NQ,UQ) = E(Nl + No, v, + ’UQ).

(iv) Let o € S, act by permutations on EP and CP. Denote also by o the
corresponding p X p permutation matriz. Then

o*L(N,v) = L(¢"'No,o'v).

To an integral symmetric p X p matrix N and a vector v € CP we associate
the integral quadratic form N(z) = z'Nx and the linear form v(z) = z'v on the
universal covering CP of EP and we call them the quadratic form and the linear
form of the line bundle £(N,v). The linear form is defined up to addition of an
integral linear form.

Remark 5.2. Exceptions to (ii) are elliptic curves with complex multiplication, in
which case there are additional line bundles that are not isomorphic to those of the
form L(N,v).

Remark 5.3. The map EP — Pic(EP) sending v to £(0,v) is an isomorphism onto
the subgroup Pic’(EP) of classes of line line bundles of degree 0. If F is a generic
elliptic curve, the Néron-Severi group NS(E?) = Pic(EP)/Pic’(EP) is a free abelian
group of rank n(n 4 1)/2 identified with the group of integral symmetric matrices
via N+ L(N,0).

Remark 5.4. Sections of L£(N,v) are the same as functions f on CP such that
f(@+X) =ex(z)"1f(x) for all X € AP, x € CP. Explicitly, a function on CP defines
a section of L(N,v) if and only if

flxe,. oz +1,.00,2p) = (—1)N7'J'f(x),
f(ajl, T +7-’ . 7gjp) — (71)ij6*277i(2k N.ikwarvj)*WiTN]-jf(x)’
forallz € CP, j=1,...,p.

Remark 5.5. The factors of —1 in the cocycle can be removed by going to an
equivalent cocycle. With the present convention the line bundles £(N, 0) correspond
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to divisors whose irreducible components are subgroups. Let 6(z) be the odd Jacobi
theta function in one variable, see (1). Then, for any r € ZP and z € C,

O(r'z +2) = 0(rizy + -+ 1pxp + 2)

is a holomorphic section of L(N,v) with quadratic form

» 2
N(z) = (Z rixi> ,
i=1
and linear form
P
v(z) =2 Zrm
i=1

If z = 0 this section vanishes precisely on the subtorus Ker(¢, ), the kernel of the
group homomorphism ¢,: EP — E, x + > r;x;. Since an integral quadratic form
is an integral linear combination of squares of integral linear forms, £(N,0) has
a meromorphic section which is a ratio of products of theta functions 6(rtz) with
rezr.

5.2. Admissible line bundles. The elliptic dynamical quantum group acts on
sections of admissible line bundles, which are, up to a twist by a fixed line bundle,
those coming from the base scheme Ep(pt). Let pr be the structure map

pr: Br(Xea) = Er(pt),
and ¥ = x x id x id the characteristic map
%: Br(Xgn) = Ea(Gr(k,n)) x Ex E— E® x E®=0 x Ex E.

Let t1,...,t%, 515,501y, A be coordinates on the universal covering of EF x
E"k x E x E and N the quadratic form

k k n—k
Nin(t, 5,9, A) = 2 Zti(A +(n—k)y) + Z Z(ti — ;)2 (13)

Clearly Ny, ,, is symmetric under permutation of the coordinates ¢; and of the coordi-
nates s; and thus £(Ng,», 0) can be considered as a bundle on E®) x B =k x ExE.

Definition 5.6. The twisting line bundle on X, is Ti.n = X*L(Nk.n, 0)

Definition 5.7. An admissible line bundle on Ep(Xy,) is a line bundle of the
form

L T,
for some line bundle £ on Ep(pt).

5.3. Holomorphic and meromorphic sections. We will consider meromorphic
sections of line bundles on elliptic cohomology schemes. Since these schemes are
singular, we need to be careful about the definition. Recall that ET(Xk,n) has
components Y = ¢ KE’T(pt), corresponding to the inclusion of the fixed points =,
labeled by subsets K C [n] of cardinality k. We say that a meromorphic section
on a complex manifold restricts to a meromorphic section on a submanifold if it is
defined at its generic point, i.e., if the divisor of poles does not contain a component
of the submanifold.
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Definition 5.8. Let £ be a line bundle on Er(X}.,.). A meromorphic section of £
is a collection of meromorphic sections sy of L|y,, labeled by I C [n] with |I| = k
and restricting to meromorphic sections on all intersections Y, N---NY7, and such
that

s]‘Y[ﬂYJ = SJ|Y]OYJ7

for all I,J. A holomorphic section is a meromorphic section whose restriction to
each Y7 is holomorphic. We denote by I'(Er(Xk.,), £) the space of holomorphic
sections of £ and by I'mer(E7(Xk n), L) the space of meromorphic sections of £.

5.4. Weight functions and admissible line bundles. With the description of

line bundles of Section 5.1, the weight functions w}r (t1, .-y tky 21,y Zn, Yy A) can
be viewed as sections of certain line bundles on E) x E("=F) x E" x Fx E, namely as
(s-independent) functions of the coordinates (¢1,...,tk, S1,.. ., Sn—k, 2,y, A) on the

universal covering space, with proper multipliers under lattice translations. Their
pull-back by the characteristic embedding

¢: BEr(Xp,) <= E®W x Em0) x E" x Ex E,

see (12), is a section of the pull-back bundle and its restriction to ¢;E7(pt) is the
evaluation of w;r at t = zj.

Proposition 5.9. Let I C [n],|I| = k. Then the restriction c*w} of w] to
Er(Xkn) is a meromorphic section of the admissible bundle p5.Lr ® Ti,n for some
line bundle L1 on E‘T(pt). Moreover rc*w is holomorphic.

Proof. We need first to check that all terms in the sum over Si defining the sym-
metrization map Sym in Section 3.11 have the same transformation properties under
shifts of the variables by the lattice so that they define sections of the same line
bundle on E*¥ x E™ x E?. The symmetrization map then produces a section sym-
metric under permutations of ¢;, which is the same as a section of a line bundle on
E®) x E™ x E?. The transformation properties are encoded in the quadratic form:
the argument of Sym is a section of the line bundle £(M7,0) with

k k n
Mj(t,z,y,)\):2Ztr()\+(n—k‘)y)+22(tr—za)2—2 Z (t, —t)?

r=1a=1 1<r<s<k

+ MI(Zayv)‘)a

where M; is independent of ¢1, ..., t,. Since M is symmetric under permutations
of the variables ¢; it defines an S, -equivariant line bundle. All terms in the sum
over permutations are sections of this line bundle and their sum is a symmetric
section, i.e., the pull-back of a section on the quotient E*) x E™ x E?, which we
understand as a section on E(®) x E("=k) x E" x E? constant along E(™~*). The
restriction to the component ¢ Er(pt) of Ex(Xp.,) is w) 2k, 2,9, A), the result of
substituting the variables ¢; by zx = (2;)ick. It is a section of the line bundle with
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quadratic form

M(zr, 2,9, 0) =2 zA+ (n=k)y) + DY (2 —2a)° = D (2 — %)

iceK €K a=1 i,jeEK
+ MI(Z7 Y, A)
ieK ieK,jeK

= Nk,n(ZK7Zf(7y7>\) + MI(Zaya A)a

cf. (13). Thus the symmetrization is a section of the tensor product of the twisting
bundle and the bundle with quadratic form M which is independent of K and
thus comes from Ep(pt) = E™ x E2. The section Yre*wy is holomorphic because
of Lemma 3.29. O

Thus c*w} is a meromorphic section of an admissible line bundle p3L; ® Ty,

with poles on a finite set of hypertori with equation A — jy = 0, j € Z, the divisors
of zeros of ¥;. The bundle £; can be calculated: £; = L(Ny,0) with

Ni = _2Zn(a7l>zay - 2zza()‘ + n(a7l_>y>

acl acl
+ (k(n = k) = > n(a.D)y* =Y (A= (n(a, 1) + )y +n(a, I)y)*,
acl acl

see (10) for the definition of n(a,l). Let D; be the divisor of zeros of the sec-
tion ¥ (y,\) on Er(pt), I C [n], see Corollary 3.26. Then the normalized weight
function can be understood as a holomorphic section of an admissible bundle:

wi € D( Xy, D7 Lr(Dr) @ Tion).-

(14)

Here the notation £(D) means as usual the invertible sheaf of meromorphic sections
of a sheaf L whose poles are bounded by the divisor D.

Example 5.10. Let n = 1. Then wj(t,2,y,A) = 1 and c*wgy = 1 is a section of
the trivial bundle (Lz and 7o 1 are both trivial). For k =1,

OA+t—2)
NG AN =—F—=
w{l}( y %5 Y ) 9()\)6(}\-2})7
and c*wzrl} is obtained by substituting ¢ = z:
cwin(z,y,A) = _1
WA=y

This is a meromorphic section of the line bundle £(—(X —y)?,0) with a simple pole
at A=y on Ep(X1,1) = Er(pt) = E3. The quadratic form is composed from the
quadratic forms 22X of 71 1 and —22\ — (A — y)? of L1y

5.5. Elliptic cohomology classes and stable envelope. Here we introduce an
elliptic version of the Maulik—Okounkov stable envelope. It is constructed in terms
of weight functions. In the Appendix we give an axiomatic definition in the spirit
of [12]. It would be interesting to understand the relation of our definition with the
one sketched in [1].
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Definition 5.11. Let £ € Pic(Er(pt)). A T-equivariant elliptic cohomology class
on Xy, of degree L is a holomorphic section of the admissible bundle p4 L ® Ty .
on ET(X;WI). We denote by H$'(X )z the vector space of T-equivariant elliptic
cohomology classes of degree £ on Xy, ,. We denote by H%H(Xn) ¢ the h-module
&n_oHM (X n) , with k-th direct summand of h-weight —n + 2k.

Definition 5.12. The stable envelope is the map

Stab: (C*)®" = ®f_o Srcin,i11=k HF (Xkn) 2, (D1)s (15)

sending v; to the cohomology class c*w}r.

Remark 5.13. The basis vector vy should be viewed as the generator of the space
of elliptic cohomology classes of the fixed point zj, see Section 7 below.

Remark 5.14. The class c*w] has analogs in equivariant cohomology and equivari-
ant K-theory of Xy, ,,, see [8,14,15]. The analog of c*w}" in equivariant cohomology
is the equivariant Chern—Schwartz—MacPherson class of the open Schubert variety
Qy, see [16]. Hence c*wj may be considered as an elliptic equivariant version of

the Chern—Schwartz—MacPherson class.

5.6. Sheaf of elliptic cohomology classes and theta functions. Here we real-
ize elliptic cohomology classes as sections of coherent sheaves on Er(pt) and relate
their sections to the theta functions with vanishing condition of Section 3.3.

Definition 5.15. Let £ = 0,...,n, p = —n + 2k and Ty, be the twisting line
bundle of Definition 5.6. The sheaf of elliptic cohomology classes of weight p is the
sheaf

Hejjll(Xk,n) = pT*77c,n
on ET(pt). Here pr. = (pr)« denotes the direct image by the structure map
pr: ET(Xk:,n) — ET(pt)

By the projection formula, £ @ pr.Tin = pr«(p5L ® Tgn) for any line bundle
L € Pic(Er(pt)). Thus a section of H& (X}, ,) ® £ on an open set U is a section of
the admissible line bundle pi- L ® i, on p;l(U ). In particular,

HM(Xpn) e = D(Er(pt), HH (Xgn) © L).

The space @: (z,y, A) of theta functions introduced in Section 3.1 is the fiber of a
vector bundle @;n on Ep(pt). In the language of Section 5.1, 62_,71 = p*E(N,?n, 0)

is the direct image by the projection p: E(*) x ET(pt) — ET(pt) onto the second
factor of the line bundle associated with the quadratic form

k k n
NP, =2 ti(A+ (n—k)y) + > > (ti — 20)* + k(k — 1)y (16)

i=1 i=1 a=1

Here, as usual, the t; are coordinates on the universal covering of E¥ and z,,y, A are
coordinates on the universal covering of E’T(pt). In fact only the terms involving ¢;
in N,Sn are determined by the transformation properties of the fibers @ﬁ(z, Y, A).
We choose the remaining terms to simplify the formulation of Theorem 5.16 below.

The space of theta functions C:)'k"(z,y, A) satisfying the vanishing condition of
Section 3.3 is the generic fiber of a coherent subsheaf @;n of @;n on Ep(pt) (it is
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the intersection of kernels of morphisms ev,, o of coherent sheaves). The sheaves
O, and HS!(Xy,,) are closely related: there is a morphism

©: ézn — ’H%I(Xk’n),

defined as follows. A section of (:)Z'n on an open set U is given by a function
f(t;z,5,A) on C* x U, which, as a function of ¢ belongs to @g(z, y,A) and obeys

the vanishing conditions
f(za7za7yat33"'7tk;z7y7>‘):07 (1:17...,71.

The morphism ¢ sends f to (¢rf)rcn),j1j=+ Where o7 f is the restriction of ¢ f to
L[ET(pt) = ET(pt)l

I IGERTPY
orf(z,y,\) = Lz 0t =t + )|,

cf. Section 3.9.

Theorem 5.16. Let D C E’T(pt) be the union of the hypertori z, = zp + v,
l<a#b<nand\=jy —n<j<n Themapp: > (orf)icim i
given by formula (17) is a well-defined injective morphism of OET(pt)-modules

©Q: é;n — H%I(Xk,n),
which is an isomorphism on Ep(pt) ~ D.

Proof. We first prove that the morphism is well-defined. The function ¢;f of
2,9, A defines a section of the line bundle £(Q,0) with quadratic form @ = (N,Sn -

> iz (ti =t +9)?)|t=z,. An explicit calculation shows that

Q = Nk,n|t:z1,s:2f-

It follows that ¢f is a meromorphic section of pr.Tk . By Lemma 3.29 (which
applies to any symmetric theta function obeying the vanishing condition), ¢f is
actually holomorphic.
To show that the morphism is injective, we use the fact that the weight functions
§ form a basis of O] (z, v, )\) at the generic point of Ep(pt), see Proposition 3.15.
Thus every local section of 6 ,, can be written as linear combination of normalized
weight functions with meromorphlc coefficients. If this section is in the kernel of
our morphism then its restriction to each component vanishes. By the triangularity
property of weight functions of Lemma 3.32 all coefficients must vanish and the
kernel is trivial.
We now construct the inverse map on the complement of D. A section s of
HeTH(ka) on an open set U is a collection of sections sy of 7, on the various

components of p;l(U ) and agreeing on intersections. Then f = ¢~ !s is

W (vazay,)‘)sf(zayv)‘)
ft 2,0y, L) K wk(t, z,y, \).
LYy A E Vi (y, A Mocroer 0o — 2)0(za — 2+ 9) w(t 2y, 0)

It is easy to check that this is a meromorphic section of ®+n on U with poles at
zb =241y, 1 <a#b<nand at the zeros of . It is regular at the apparent
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poles at z, = zp since the sections sy agree on intersections of the components. Let
us compute @ f:

f(t;z,y, )‘) _ w;?(ZI»Z,y,)\)SI(Z,yy)\)
Hi;éj Ot — tj + y) TK Hael,befe(za —2)0(2a — 2 + y)

The orthogonality relations, see Corollary 3.31, imply

wl—;(tv ZY, >‘)

wie (21,2, 4, N)s1(2, 9, A) .
wi (27, 2,Y, A
o= Z HaEI bel 0(zq — 26)0(2a — 26 + y) K( Ty %Y A)

= SJ(Z,yv >‘)
U

5.7. Symmetric group and G-equivariant cohomology classes. The symmet-
ric group S, on n letters acts on C™ by permutation of coordinates. This action
induces an action of S,, on the Grassmannians, their cotangent bundles X}, ,, and on
T so that the action map T'x X, ,, = X, is Sp-equivariant. The induced action on
the cohomology schemes E‘T(Xk_,n) can be easily described: on E’T(pt) =E" x E?,
Sy, acts by permutations of the first n factors and o € S, sends the component
1 Er(pt) of Er(Xp.,) to L(,(K)ET(pt) so that the diagram

Er(pt) -~ Ep(pt)
LK N Lo(K)
ET(Xk,n)

commutes for any K C [n] with |K| = k elements. The structure map Ep(Xj.,,) —
Er(pt) is Sp-equivariant and the quotient by the action of S, is the G-equivariant
elliptic cohomology scheme.

Lemma 5.17. The twisting bundle is Sy, -equivariant, i.e., the Sy-action lifts to an
S, action on the bundle.

Proof. This follows since the twisting bundle is the pull-back by an S,-equivariant
map of a bundle on E®) x E(™=%) on which the action of the symmetric group is
trivial. (|

In particular for each o € S,, and admissible line bundle M, we have an admis-
sible line bundle o* M and a map

0" Tmer(Br(Xin), M) = Tiner(Br (X)), 0* M),
and also a map
o H (Xp ) — 0" HH (X))
Let m: Ep(pt) = Eg(pt) = Ep(pt)/S,. Then we obtain an action of the symmetric
group on mHI( Xk ).

Definition 5.18. Let G = U(n) x U(1). The sheaf of G-equivariant elliptic coho-
mology classes is

Hell(Xk,n) = W*H%I(Xk,n)snv
a coherent sheaf on Eg(pt) = EM x E x E. Let £ € Pic(Eg(pt)). The space
of G-equivariant elliptic cohomology classes of degree £ on Xy, ,, is Hg“(Xk’n)[; =
T(Eq(pt), HE (Xp.n) @ L). We set HE(X,,) . to be the h-module &7_ HI (Xp.n)
with the summand labeled by & of h-weight —n + 2k.



ELLIPTIC QUANTUM GROUPS AND EQUIVARIANT COHOMOLOGY 29

5.8. Admissible difference operators. Recall that E7(X}.,) has a factor E x
FE corresponding to the U (1)—acpion on the cotangent spaces and the dynamical
parameter. For j € Z, let 7; = 7{ be the automorphism of E x E such that

7 (4 A) = (4, A+ Jy)-
Denote also by 7; the automorphism id x 7; of Er(Xy.,) = Ea(Gr(k,n))x Ex E. If
L is a line bundle on E7(X},,) then 7; lifts to a (tautological) bundle map £ — L,

also denoted by 77. It maps meromorphic sections to meromorphic sections and is
thus a well-defined operator

T Ciner (B (Xpn), £) — Fmer(EAT(X’fv")’T;E)'

Definition 5.19. Let £ = 0,...,n and £ be a line bundle on EAT(pt)7 u € 27,
v € Z. An admissible difference operator on meromorphic sections of an admissible
line bundle M; = phL; ® Ty, on EAT(Xkyn) of degree (L, u,v) is a linear map
¢ Piner (B (Xkn), M) = Dier (B (Xkgpu,n ), M2)) such that

(i) My is the admissible bundle p5 Ly @ Ty y /2., With Lo = L& 77 L.

(ii) For each section s of M, and fixed point zx € Xiipn,

Uep(s) = Y PR (18)
K/

for some sections px g/ € chr(ET(pt), Mo ® L},Tj/\/lfl).

By inserting the definition, we see that the line bundle of which ¢k k- is a section
is
LM ® TjL}(,Mfl =L Thspn/2n @ ij},ﬁfé.
This line bundle is independent of the admissible line bundle the operator acts on.
It thus makes sense to let the same admissible difference operator act on sections
of different admissible line bundles. We set

Ak:,n(EHLL?V)a k:O7"'7na 0§k+M§na

to be the space of admissible difference operators of degree (£, i, v).

It is convenient to extend the above definitions to the case of varying k. We de-
note by X,, = Uy_, X}, the disjoint union of cotangent bundles to Grassmannians
of subspaces of all dimensions in C". The extended elliptic cohomology scheme is
then

Er(Xn) = Ui gBr(Xen).

It comes with a map pr: Er(X,) — Up_oEr(pt).
Definition 5.20. An admissible line bundle on E’T(Xn) is a line bundle whose
restriction to each EAT(X;ML) is admissible. Let £ = (£°,...,£") be a line bundle on
I_IZZOET(pt), w,v € Z. An admissible difference operator of degree (L, u,v) acting
on sections of an admissible line bundle M; is a linear map Fmer(ET(Xn), M) —
F,ncr(ET(Xn), M) restricting for each k =0, ...,n such that k+p € {0,...,n} to
an admissible difference operator

chr(ET(Xk,n)a Ml ‘kan) — chr(ET(XkJr;L,n)a M2|Xk‘+u,n)’
of degree (L¥, u,v). We denote by

An (L, 1y ) = @o<i s p<n A n(LF, 11, v)
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the space of admissible difference operators of degree (L, u,v).

Remark 5.21. We will not need to consider operators on components for k such
that k+u & {0,...,n}. However to have a correct definition we may set EA'T(Xk,n)
to be the empty set if k& & {0,...,n} and declare the space of sections of any line
bundle on the empty set to be the zero vector space.

5.9. Left and right moment maps. Examples of admissible difference operators
are multiplication operators by sections of pull-backs of line bundles on ET(pt).
A subclass of these operators appear as coefficients in the defining relations of the
quantum group: they are the entries of the R-matrix and are functions of the
dynamical and deformation parameter, and appear in the relations in two different
guises: with and without “dynamical shift”. We borrow the terminology of [2],
Section 3, where these two appearances are called the left and right moment maps.
Let £ be a line bundle on ET(pt). We define two line bundles ppL, p-L on
Wi—o L (pt):
e 1L is the line bundle (£, ..., L);
e 1oL is the line bundle (7L, 7% _,L, ..., 7%, L).

n
Definition 5.22. The left moment map is the map
e Fmer(ET(pt)v ‘C) — An(/.l[ﬁ, Oa 0)7
sending a section s to the operator whose restriction to Ay, is the multiplication
by 7 _o1PTs. A
The right moment map is the map p,: Dier(Er(pt), £) — A (£, 0,0) sending
s to the operator whose component in Ay, is the multiplication by p7.s.

5.10. Sections of admissible bundles as a module over multiplication op-
erators. Let £ € Pic(Er(pt)) and set A%(L) = (A,(L,0,0)). Then the fam-
ily A% = (A%(ﬁ))ﬁepic(éﬂpt)) is a commutative subalgebra graded by the Picard
group of the base. It acts on meromorphic sections of admissible bundles by map-
ping T'er(Xk,n, M) t0 Tier( Xk, M & piL) for any admissible line bundle M.
Then the weight functions form a system of free generators of the module of sec-
tions of admissible line bundles over A% in the following sense.

Theorem 5.23. Let L € Pic(Er(pt)). Every section w € Der(Br(Xgn), pil ©
Tin) can be uniquely written as

w= Z arStab(vr),
IC[n],|I|=k
for some a; € A%(L ® L), where Ly is the line bundle of Prop. 5.9.
Proof. Denote by Y; = vy Ep(pt) the component labeled by I. Suppose that w
is a meromorphic section vanishing on Y for all J > I and such that wly, # 0.
By Lemma 3.32, we can subtract from w a multiple of c*w] to get a section that

vanishes on Yy, J > I. By induction we may subtract from w a suitable linear
combination of weight functions to get 0. (]

5.11. S,-equivariant admissible difference operators.

Definition 5.24. An admissible difference operator is called S,,-equivariant if it
commutes with the action of the symmetric group on sections.
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Lemma 5.25. Let L be an S, -equivariant line bundle on ET(pt). An admissible
difference operator ¢ of degree (L, u,v) is Sp-equivariant if and only if its matriz
elements pi k' obey

0'*<Pa(K),a(K') = YK,K’-

5.12. Graded algebras, graded modules. Let @ be a group. Recall that an
(Q)-graded algebra A over C is a collection (A,),eq of complex vector spaces with
associative linear multiplication maps A, ® A,v — Ay, a ®b — a-b. Let P
be a set with a left action of Q. A P-graded (left) module over A is a collection
(M,)pep of complex vector spaces indexed by P together with linear action maps
A, @M, = A,p, a®m+— a-m, obeying (a-b)-m =a-(b-m). A unital Q-graded
algebra is an @-graded algebra with an identity element 1 € A, in the component
indexed by the identity element e of ). We require 1 to act as the identity on
P-graded modules.

5.13. The grading of admissible difference operators. Let Q = Pic(E'T(pt)) X
27 x 7 be the product of the Picard group of E’T(pt) = B2 by 27 x Z with group
law

(‘Ca/u'v’/)(‘clvulvl//) =(L® T:'C/v/J' + ,U'/a v+ V/)'

Proposition 5.26. The collection (A, (L, 1, V), uv)cq with the composition of
operators is a unital Q-graded algebra.

Proof. An admissible difference operator of degree (L', i/, 1’) sends a section of an
admissible line bundle M; = p7.L1 ® T n to a section of My = p7.Ly @ Tiqpr /2.0
with Lo = £'®75L1. An operator of degree (L, i, ) sends this section to a section
of p}ﬁg & Tk+,u/2+y//2,n with

L3 = E@T;EQ = L‘®T:£/ ®Tj+y/£1.

It is clear that the py-components of the degree add, so the composition has degree
(LRTIL u+u,v+1'), as required. The identity element is the multiplication by
constant function 1, a section of the trivial bundle O. (]

Remark 5.27. There is a slight abuse of notation, since A(L, i1, v) is defined for a
line bundle £ and not for its equivalence class. The point is that A(L, u,v) for
equivalent bundles £ are canonically isomorphic: if ¢ is an admissible difference
operator of degree (£, i, v) and v: £ — L' is an isomorphism then ¢’ = ¢ opoyp~1
is an difference operator of degree (L', u,v). This establishes the isomorphism

b AL, pv) = AL p,v),
which we claim is independent of 1. Indeed any two choices of v differ by the
composition with an automorphism of £. Since Aut(L£) = C*, 1 and ¢’ differ by
multiplication by a nonzero scalar which does not affect .

Let P be the set of pairs (£, 1) with £ € Pic(Ep(X,)) and p € Z. Then Q acts
on P via

(Lyp,v)- (L) = (LT L+ ).

Let M = phL1 ® Tg,n, be an admissible bundle on X, ,,.
Admissible difference operators map sections of admissible line bundles to sec-
tions of admissible line bundles. This is formalized as follows.
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Proposition 5.28. The collection of vector spaces Fmer(ET(Xk,n),pi}L’ ® Tk.n),
labeled by (L, 1), with u = —n + 2k is a P-graded module over the Q-graded unital
algebra A, of admissible difference operators.

Proof. This is an immediate consequence of the definition, see Definition 5.19, (i).
O

6. ACTION OF THE ELLIPTIC DYNAMICAL QUANTUM GROUP

In this section we construct an action of the elliptic dynamical quantum group
associated with gl, on the extended equivariant elliptic cohomology ET(Xn) of the
union of cotangent bundles of the Grassmannians of planes in C". The action is by
Sn-equivariant admissible difference operators acting on admissible line bundles on
the cohomology scheme. Thus each generator L;;(w) (¢, € {1,2}) of the elliptic
dynamical quantum group acts on sections of any admissible line bundle by an
admissible difference operator of some degree (L;;(w), 155, v;j) which we give below.
We also compute the action on T-equivariant elliptic cohomology classes and use
the Sj,-equivariance to show that the action descends to an action on G-equivariant
classes, with G = U(n) x U(1).

We construct the action in such a way that at the generic fibre of E’T(X k) —
Er(pt) = E™ x E (ie., for fixed #,...,2,,y) the map (15) defines a morphism
of representations from the tensor product of evaluation representations. In other
words, suppose that

Lij(w)vr =Y Lij(w, 2,9, N { vk,
K

for some meromorphic coefficients L;;(w, z,y, A\)X. Then we want that

Lij(w)Stab(vy) = Lij(w, z,y, \){ Stab(vg). (19)
K

The matrix coefficients L;;(w, z,y, A) K are certain meromorphic functions of z,y, A
with theta function-like transformation properties and can thus be considered as
meromorphic sections line bundles on Ep(pt). Therefore each summand on the
right-hand side is a meromorphic section of an admissible line bundle. The content
of the following theorem is that the sum defines uniquely an admissible difference
operator.

Theorem 6.1.

(i) The formula (19) uniquely defines admissible difference operators L;;(w),
i,7 € {1,2}, of degree (L;j(w),2(i — j),€(j)) with e(1) = —1, €(2) =1, for
some S, -equivariant line bundle L;j(w) on Ep(pt).

(ii) These operators obey the RLL relations of the elliptic dynamical quantum
group in the form

peR(wy — wa, y, )P L(wy) ) L(ws)
= L(wg)(%)L(wl)(w)urR(wl — wa, Y, )\)(12).

Here the coefficients of the quadratic relations are in A% and the action of
e, pr 1S on each matriz element of R.
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The proof of this theorem is by explicit description of the action and is parallel
to the case of Yangians and affine quantum enveloping algebras, [8,15,17]. We give
the formulae for the action in Section 6.1, 6.2, 6.3. The proof of Theorem 6.1 is in
Section 6.4.

By Theorem 6.1, the generators L;;(w) send meromorphic sections of admissible
bundles to meromorphic sections of admissible bundles. The next result gives a
more precise control on the poles of coefficients. We give the action on holomorphic
sections, i.e., equivariant elliptic cohomology classes, both for the torus 7' = U (1)™ x
U(1) and the group G = U(n) x U(1).

Theorem 6.2.

(i) Let D be the divisor on ET(pt) whose components are the hypersurfaces
defined by equations z, +y = w, for 1 <a<n and A\+yj =0, for j =
—n...,n—1,n. Then L;j(w) maps HS(X,)z to H%H(Xn)T*(,)ﬁcg.cij(w)(D)

for any L € Pic(Er(pt)).

(ii) Let H5(Xn)c be the space of G-equivariant elliptic cohomology classes of
degree L for G = U(n) x U(1), see Definition 5.18. Let n: Ep(pt) —
Eg(pt) be the canonical projection. View line bundles on Eg(pt) as Sy-
equivariant line bundles on Er(pt). Then the operators Lyj(w) induce well-
defined operators from HE X,z to Hg,'ll(X’IL)T:(j)E@[,ij(w)(Tr(D)) for each

L € Pic(Eg(pt)).
The proof of this theorem is contained in Section 6.4.

Remark 6.3. Let q: ET(pt) = Er(pt) x E — Er(pt) be the projection onto the
first factor. Since the action of the generators L;;(w) is by admissible difference
operators it preserves the fiber of q*’H%l(Xn) at a generic point of the non-extended
Er(pt). If we realize this fiber as a certain space of functions of A and tensor with
all meromorphic functions of A we get a representation of the quantum group in
the sense of Section 2.1. By construction, it is isomorphic to the tensor product
of evaluation representations. Thus we can think of the action of the quantum
group on equivariant elliptic cohomology classes as a tensor product of evaluation
representations with variable evaluation points and deformation parameter.

6.1. Action of the Gelfand—Zetlin subalgebra. The Gelfand—Zetlin subalgebra
is the commutative subalgebra generated by Las(w) and the determinant A(w). As
shown in Section 3.10 these operators act diagonally in the basis & of V(21)® -+ ®
V(z,). Tt follows that the vectors

¢ wi(zlazyyv)‘)
£ = J
;k [ocrperf(za — 2 +y)

Stab(vy),

(cf. (11)), which by construction are sums of sections of certain admissible line
bundles, are eigenvectors of the Gelfand—Zetlin subalgebra. It turns out that they
are sections of admissible bundles with support on a single irreducible component
of Ep(X,):



34 GIOVANNI FELDER, RICHARD RIMANYI, AND ALEXANDER VARCHENKO

Proposition 6.4. Let I, K C [n], |I| = |K| = k. The restriction of &1 to the
component of E(Xy ) labeled by K is

*E = {Hael,bel_e(za —z) I=K,

LK .
0, otherwise.

Proof. From the definition of £; and Stab(v,) we have

w_(21725y7>‘) —+
L f[ J w (ta Z,Y, )‘)
" e <zJ: [lacrper@(za — 2 +y) !

1
B J 7 ’)\ i )<y 7)\ 9
Haelbefa(za_zb—ky);wtf(z] zZ,Y )’U}J(ZK Z,Y )

which, using Corollary 3.31, proves our statement. O

Thus we can write any section (sy)rc[n) of an admissible bundle as linear com-
bination 3 s7€7/ [Tacrperf(2a — 2p). Since the £; are eigenvectors the action of
the Gelfand—Zetlin algebra is given by admissible difference operator with diagonal
matrices of coefficients.

The action of the determinant A(w) is easiest to describe: it is given by an ad-
missible difference operator of degree (La(w),0,0), where La(w) = L(Na,va(w))
is the line bundle associated with the data

n
Na(z,y,0) =Y (2za+ )y, valw;z,y,A) = —wy,
a=1
Since Na and va are symmetric under permutations of the variables z;, the corre-
sponding bundle is naturally S,,-equivariant. The determinant acts on sections of
any admissible line bundle £4 on Ep(Xk ) it acts by multiplication by the section
f[ O(w—z+y)
bt} O(w — z;)
of EA (w)

The action of Loa(w) is by an operator of degree (La2(w),0,1). It is defined on

the components by

0w — z; . =
UicLog(w)s = H 9(()7'1 Uk S,

and L5, (w) = L(2kY."'_, 24y, kwy), which is an S,,-equivariant line bundle.

Lemma 6.5. These formulae define S, -equivariant admissible difference operators

Aw) € A(La(w),0,0) and Los(w) € A(Laa(w),0,1).

Proof. Both operators are defined by diagonal matrices (¢x k) in the notation of
Definition 5.19. It is straightforward to check that the diagonal matrix elements
¢k, Kk are sections of the correct line bundle. The equivariance property of Lemma
5.25 is clearly satisfied. Moreover the divisor of poles does not contain any diagonal

= {2z € E""?: z; = z;,Vi,j € I}, I C [n] so that the difference operator
maps meromorphic sections to meromorophic sections. It remains to check that



ELLIPTIC QUANTUM GROUPS AND EQUIVARIANT COHOMOLOGY 35

the sections on the different components coincide on their intersections, namely
that for every a € K, b € K,

PR K| 2a=20 = 90K,R|2a22b7 K=K~ {a} U {b}.

This can be checked directly but also follows from the equivariance condition for
the permutation of a and b. ([

6.2. Action of L1y and Lg;. Let k=1,...,n and K C [n] with |[K| =k — 1.

At w—2zq+ (n—2k+1)y)
G(U)*Za*y)

e Lin(w)s = (~1)R6) 3

acK

w — z;) HjeK 0(2a —2j —y)
x H 9 -

CreLiayT1 8-
) Hjef{\{a} 0(za — 25) Kuta} ™

Lemma 6.6. Liy(w) is an Sy -equivariant admissible difference operator of degree
(ﬁlz(w), —2, 1) with

Liy(w) = L=\ + (n = 2k)y)*, —w(A + (n — k + 1)y)).
Let k=0,...,n—1and K C [n] with |K|:k+1.

ticLor(w)s = (—l)nfk 9 )\ ) Z O(w — 24 —y)

H H(w—zj) Hjef(g( Zj = 24 — Y)

Uk farTo18
e(w_zj _y> H]GK\{a} 9( _ZU«) 'K {a}7=1

Lemma 6.7. Lo (w) is an Sy -equivariant admissible difference operator of degree
(ﬁgl(w), 2, —1) with

L5 (w) = L(=N = (n = 2k + 2)y” + 2y(A = D z), w(A — (k+ 1)y)).
i=1

Lemmas 6.6 and 6.7 are proved the same way as Lemma 6.5. The only new
feature is the appearance of simple poles on diagonals z; = z; and it is thus not a
priori clear that these operators map meromorphic sections to meromorphic sections
in the sense of Definition 5.8. The point is that when acting on meromorphic
sections, these poles cancel by the equivariance conditions. For example let us
consider the behaviour of ¢ = Li2(w)s in the vicinity of the diagonal z, = z,. The
matrix element @ (.} has a simple pole there if b € K \ {a} and so has the
matrix element ¢k gygpy Which by equivariance is obtained from ¢g rufa) by the
transposition o192 of a,b. In local coordinates and trivializations compatible with
the Sp-action, by setting f; = txu(;)71's, J = a, b, the potentially singular term in
Ui Li2(w)s at z, = 2 has the form

g(zvyvA)f (Z y7>\) + g(sabzvya)‘)fb(

0122,Y, /\)~
Za — %b Zb — Za

Since sqpz = z and f, = f, on the diagonal z, = 2z, the poles cancel. The same
argument works for Loj. O
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6.3. Action of Li;. Since Loo(w) is an invertible admissible difference operator,
the action of Lq;(w) can be obtain from the action of the Gelfand-Zetlin algebra
and the action of L5, Lo via the formula for the determinant

pe(0(A))

Alw) = —45
= 60)
Here 6()\) is considered as a section of the bundle £(N,0) on E? with N(y, \) = \2.

(L1 (w + y) Laz(w) — La1(w + y) L12(w)). (20)

6.4. Proof of Theorems 6.1 and 6.2. Theorem 6.1 (i) for Los, L12 and Loy
follows from Lemma 6.5, Lemma 6.6 and Lemma 6.7, respectively. The operator
L1; can be expressed as composition of these admissible difference operators via
the determinant and is thus also admissible. Part (ii) follows by construction. To
prove Theorem 6.2 (i) we need to check that in the matrix elements of L;;(w) only
simple poles at z; = w4y and A = jy, j € Z appear. This is clear from the explicit
formulae except for Li1(w). To prove it for this operator, we use two formulae
for it: one is using the definition and the orthogonality relations, and the other
expressing it in terms of the other L;; and the determinant, as in Section 6.3.
The first formula gives
i _ wie (21)Lui (w)fewy (21) -
ilulws 1%{ [acrper 0(za — 26)0(za — 20 + y) T @D

The matrix elements L1 (w)? of Li1(w) in the tensor basis v; of (C?)®" are sums
of products of matrix elements of R-matrices and have at most simple poles at
ze = w+y and possible poles at A = jy, j € Z, see (5). Thus the right-hand side of
the (21) has (among other poles) at most simple poles at z, = w + y. The second
formula is in terms of the determinant:

Luaw)s = (oA =)+ Laa(w = ) Liaw) ) Laao-+) s,

for s € H¥(Xkn)m with p = —n + 2k. From this formula and the explicit
expression of Lys, Loy, Loo we see that only simple poles at A = yu, —n < pu <n
occur and that the remaining apparent poles at z, — 2z, = 0,2, — 2, +y = 0 in (21)
are spurious.

Finally Theorem 6.2 (ii) holds since the bundles £;;(w) are Sp-equivariant (and
can thus be viewed as line bundles on the quotient) and the action is given by
Sn-equivariant difference operators.

7. SHUFFLE PRODUCTS AND STABLE ENVELOPES FOR SUBGROUPS

The stable envelope of [12] is a map from the equivariant cohomology of the fixed
point set for a torus action on a Nakajima variety to the equivariant cohomology
of the variety. The goal of this section is to extend this interpretation of the
stable envelope to the elliptic case for cotangent bundles of Grassmannians. In
our construction the stable envelope is built out of weight functions, which in turn
are obtained from shuffle products of elementary weight functions associated with
the one-point spaces T*Gr(0,1), T*Gr(1,1). Thus the first step is to extend the
fiber-by-fiber construction of the shuffle product of Section 3 to a shuffle product
defined on sections of the coherent sheaf C:);n on Er(pt). By using the isomorphism
(outside the divisor D) of Theorem 5.16, we get a shuffle product on the sections
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of the sheaf of elliptic cohomology classes H! (X ,,). The n-fold shuffle product of
classes in HSM(Xy 1), k = 0,1 is then essentially the stable envelope.

We propose to view shuffle products of factors of an arbitrary number of factors
as stable envelopes corresponding to subgroups ot 7. Their geometric interpretation
is that they correspond to maps from the cohomology of the fixed point set for the
action of a subgroup of the torus T', cf. [12, Section 3.6].

The basic case, which as we shall see corresponds to the shuffle product of two
factors, is the subgroup B,, C U(1)"

B=B,={(2...,21,...,1) € A: z € U(1)},
——
m
isomorphic to U(1).

Fixed points for the action of this subgroup on Gr(k,n) are k-planes of the
form Vi & V5, with V; in the span of the first m coordinate axes and V5 in the
span of the last n — m coordinate axes. Thus the fixed point set decomposes into
connected components according to the dimension of V3. Each of these components
is a product of Grassmannians. Similarly, the B,,-invariant part of the cotangent
space at a fixed point splits as a direct sum of cotangent spaces at the factors and
we get an isomorphism

B k
Xpm & Ug—oXdam X Xk—dn—m-

As above we consider the action of 4, = U(1)™ on X} ,. Then the embedding
Xam X Xk—dn-m > Xk is Ay X Ayy_py, = Ap-equivariant. The Kiinneth formula
[7] predicts that this embedding induces a map

Ea,, (Xd,m) X Ea,_, (kad’nfm) — Ea, (Xk,n)a (22)
In the description as a fiber product,
Ea, (Xgm) = ED x =D 1y E™,

and the map is the obvious one: ((¢,s',2), (t",s"”,2")) — (p(t',t"),p(s',s"), 2, 2").
Here t' € E@D ¢ ¢ EF=d) p. B(d) x pk=d) _y E*) i the canonical projection
and similarly for the other factors.

As in Section 4.3, we consider the extended equivariant elliptic cohomology
Er, (Xgn) = Ea,(Xi,) x E? for the torus T, = A, x U(1) where the addi-
tional U(1) factor acts by multiplication on each cotangent space. We then have
the corresponding embedding

Er, (Xam) Xg2 Er,_, (Xk—dn-m) = Br,(Xi.n), (23)

where the map to E? is the projection onto the second factor. Both are schemes
over Ep (pt) = Ep, (pt) Xg2 Er,_, (pt).

Proposition 7.1. The shuffle product of Proposition 3.10 defines a map
* T;”—2k”é2_’,n’ X (:);:”,n” — é;{in [029] ‘Ck’,k:”,n’,n”

of sheaves of O, ) -modules, where k = E4+E' n=n"+n" and L p p' i =
L(K"y((n' K}y = 25207, 7). 0) € Pic(Er, (ob)).
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Proof. The sheaf @;n is defined by the quadratic form N,Sn(t,z,y,/\), see (16).

Let us write t = (',t"), z = (¢/,2"), with t' = (t1,...,tw), t" = (tir41, ..., tx) and

similarly for z. Then 77”;,,72,6,,92',,”, X @;,,m,, is associated with the quadratic form
M(t,z,y,\) = N,?yn, (', 2y, N+ y(n” —2K")) + NS,’R,, ", 2"y, \).

The shuffle product maps a section of this bundle to a section of a bundle associated
with the sum of this quadratic form and the quadratic forms of the theta functions
in ™, see Proposition 3.6, namely

K k
M(t’zvy’)‘> + Z Z ((tj -4+ y)2 - (tj - tl)2)

Jj=1l1l=k"+1
k n’ k' n
DI SCEEE LD I DR RO
l=k’4+1a=1 j=1lb=n'+1

It is straightforward to verify that this is equal to
n/
NE (2,9, 0) + K"y | (0 =K )y =2 2
a=1

This shows that the shuffle product takes values in @$n®£k',k”,n/,n”~ The fact that
it actually takes values in the subsheaf defined by the vanishing condition follows
from Proposition 3.10. O

Definition 7.2. Let k = k' + k", n = n’ + n”. The unnormalized stable envelope
associated with the component Xy v x Xy, of the fixed point set X,f;’i’ is the
shuffie product map

Stab: T’rt”72k”(:)$,n’ X é:”,n” — (:);chn X Lk',k”,n’,n"

of sheaves of O, -modules.

T, (Pt)

By using the isomorphism Oy, = ’HeTli (Xk,n) on the complement of the divisor
D of Theorem 5.16, we obtain a map

Qtals - 11 11 11
Stab: 7 _opn Hy ,(Xpr ) WHT, |, (X ) = H, (Xkn) @ Lir jr s

on Er(pt) ~ D.

More generally, we may consider subgroups B = By, X --- X B, C U(1)™ whose
fixed point sets have components Xy, », X -+ x X}, p, and define stable envelopes
given by r-fold shuffle products and thus by compositions of stable envelopes for
two factors.

Two special cases give the stable envelope of Section 5.5 and the action of the
elliptic dynamical quantum group.

In the first case we take B = U(1)™. The fixed points are isolated and labeled by
I C [n]. We think of the fixed point labeled by I as a product Xy, 1 X -+ x X, 1
with k; = 1if 7 € I and k; = 0 otherwise. The unnormalized stable envelope on the
component labeled by I C [n] is then

Stab: By 7o M (X1) = HSE (X, 1) © My,

(the factors are ordered from left to right) for some suitable line bundle M; €
Pic(Er, (pt)) obtained as tensor product of line bundles Ly g /. In this case
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the map is defined everywhere, not just on the complement of D, since ék-,l ~
H (Xp,1) on Er, (pt).

The stable envelope of Section 5.5 is obtained by taking the tensor product with
suitable line bundles 7 . ;) My, on Er, (pt) so that Bl (Xi,1, HE (Xk1) @ My)
is identified with C? via the basis wa' ,w], passing to global sections and normalizing
by dividing by ;.

In the second case we reproduce the construction of Section 3.7 in the global
setting. Thus we consider the stable envelope for two factors Xg1 X Xp_qn C
Xin+1. We obtain two maps

1 * ot o+ -1 o+
Ba=0Tn—20k-0)921 ¥ Ok_a, @ Ly k—a1.n = Okni1

1 * o+ o+ -1 A+
Ba=0T1-2d%—a,n N O51 O Ly g g1 = Opnia

which are invertible at a generic point. Since @',;1 is isomorphic to 7—[%1 (Xk1) we
get a map

1 * A+ ell —1
Da=0T1-249% _an X HT (Xa1) @ Ly 41
1 * ell A+ —1
= Di—0Tn—2(k—a) 1, (Xa1) X O—dn @ Ly y—a1,n

defined on some dense open set. This map contains the information of the action of
the elliptic dynamical quantum group on the elliptic cohomology of ETn (X,). The
action of the generators is given as explained in 3.7: one needs as above to take the
tensor product with a suitable line bundle to associate elliptic cohomology classes
wi,wg with the standard basis of C2. Then we are in the setting of Section 3.7
and we obtain an action of the elliptic dynamical quantum group which is up to
gauge transformation the one described in the previous section.

APPENDIX A. AXIOMATIC DEFINITION OF ELLIPTIC STABLE ENVELOPES

In this section we give an axiomatic definition of the elliptic stable envelopes in
the spirit of Maulik-Okounkov [12, Section 3.3], see also [14,15,17].

Recall that c*w] is a meromorphic section (with controlled denominators) of
an appropriate line bundle over ET(X %n). The scheme ET(X %,n) has components
Y; = LJET(pt)7 and the restriction of a section to Y is the result of substituting
the variables ¢; by z; = (2;)ic-

A meromorphic section of an admissible line bundle p4-L(N, 0) @7y, ,, restricted to
Y; can be written as a meromorphic function F' : C™*2 5 C whose transformation
properties with respect to the lattice Z"2 47 Z"2 are determined by p%L(N,0) ®
Tin, see Remark 5.4. Below we will consider special forms of such functions.

Theorem A.1. For any I the section c”‘wl+ satisfies the following properties.
o It is a meromorphic section of an admissible line bundle p5L(N,0) ® Tk r,.
e The restriction of c*w?' to Yy, written as a function C*? — C with trans-
formation properties determined by psL(N,0) ® Ty p, s
HaEI,bEfe(Za — Zb + G(CL, b)y)
[ae, 00— (wia, D)+ 1)y)

where €(a,b) is defined in Lemma 3.32 and w(a,I) is defined in (10).
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e The restriction of c*w; to any Yy, written as a function C"*? - C with
transformation properties determined by pL(N,0) ® Tg.n, is of the form

1
o 1T 1]0Ga—2+y) - Fr, (24)
ac€J beJ
b<a

where Fy y is a holomorphic function.

Moreover, these three properties uniquely determine c*w}r.

Remark A.2. From the second property one can calculate the quadratic form

Ny =-2% n(a.])zy —2) z(A +n(a,Dy)

acTl acl

+ (k(n = k) =Y n(a.D)y® =Y (A = (n(a, 1) + )y +n(a, I)y)?,

acl acl
cf. (14).

Remark A.3. Lemma 3.32 (ii) implies the triangularity property
e the restriction of c*wI+ to Yy is O unless J < I.

According to Theorem A.1 this property is a consequence of the three properties
listed.

Remark A.4. The third listed property is a local version of a support condition used
in the axiomatic description of cohomological stable envelopes in [12, Theorem 3.3.4
(1)]; see also the corresponding axiom in K-theory in [15, Theorem 3.1 (I)].

Proof. The first two properties of c*wf are claimed in Proposition 5.9 and Lem-

ma 3.32 (ii). Inspecting the explicit formula for w} in Section 3.11 one finds that,
after substitution t; by z,, a € J, all non-zero terms are of the form (24), which
proves the third property.

Now we prove that the three properties uniquely determine c*w}'. Let a section
satisfy the three listed properties, and let k; be the difference of that section and
c*w?. Assume that k7 is not 0. Then there exists a J such that x; restricted to
Y, is not 0. For a total ordering < refining the partial order < on the cardinality
k subsets of [n] let us choose J to be the largest with the property rrly, # 0. We
have J # I because of the second property.

We claim that ;|y,, written as a function C"*? — C with transformation
properties determined by p5L(Ny,0) ® Ty », is of the form

iHHW%-%%—y)'HHG(zb—za)-Fl, (25)

a€Jd beJ a€J beJ
b<a b>a

where Fj is holomorphic. The fact that this function can be written in the form

iHHa(Za—Zbﬁ-y)'F% (26)

ac€J beJ
b<a

with F5 holomorphic, is explicit from the third property. We need to prove that
Fy is the product of [[,c;[Ipespsa (26 — 24) and a holomorphic function. Let
a€ J,be Jand b > a. Denote J = (J — {a}) U {b}. Observe that J < J' and
hence J < J’. From the choice of J therefore it follows that x restricted to Y. is
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0. The diagonal A j» = {z, = 2} is included both in Y; and Y}, hence we obtain
that the substitution of z, = z, into x|y, vanishes. It follows that the function F5
vanishes on the hyperplane z, = 2, and its translates by the lattice Z" 2 +7 Z" 2.
The zeros of 0(z, — 2, ) are exactly these hyperplanes and are of first order, therefore
F» can be written as a product of 6(z;, — 2z, ) times a holomorphic function. Iterating
this argument for all (a,b) with a € J,b € J,b > a we obtain that (26) is in fact of
the form (25), what we claimed.

Observe that the product of theta functions in (25) is the numerator of c*w? |y, .
Hence we obtain that (25) further equals

Hae] 9()‘ - (w(a, J) + l)y)
Y1
Since the transformation properties of x|y, are determined by p%L(N7,0) ® T n,

and those of c*w¥|y, are determined by piL(N;,0) ® Tk, n, we have that the trans-
formation properties of

kot
~cwyly, - Fi.

[lacs 0OX — (w(a, J) + 1)y)
Y1

are determined by p5-L(N; — Ny, 0)—the factor Ty, canceled.

Let a € J NI, and consider (27) as a function of z,, let us call it f(z,). Since
the first factor (the fraction) only depends on A and y, f is a holomorphic function
of z, for generic y, \. Comparing the z, dependence of N; and N; we obtain that

f(za + T) = 6727”‘(/\+sy)f(za)a f(za + 1) = f(za)’ (28)

for some integer s. Using the 1-periodicity, we expand

f(za) = Z ame%rimzaa

mEZ

-k (27)

and using the first transformation property of (28) we obtain

E :ameQTrzmza (eQﬂ'ZmT _ e—27rz()\+sy)) =0,
m

implying a,, = 0 for all m € Z. We obtained F; = 0, and in turn, xr|y, = 0. This
is a contradiction proving that x; is 0 on all Y. (Il

REFERENCES

[1] Mina Aganagic and Andrei Okounkov, Elliptic stable envelope, arXiv:1604.00423

[2] Pavel Etingof and Alexander Varchenko, Ezchange dynamical gquantum groups, Comm.
Math. Phys. 205 (1999), no. 1, 19-52.

[3] Giovanni Felder, Conformal field theory and integrable systems associated to elliptic curves,
Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Ziirich, 1994), 1247—
1255, Birkh&user, Basel, 1995.

[4] Giovanni Felder, Vitaly Tarasov and Alexander Varchenko, Solutions of the elliptic QKZB
equation and Bethe ansatz I, Topics in singularity theory, 4575, Amer. Math. Soc. Transl.
Ser. 2, 180, Amer. Math. Soc., Providence, RI, 1997.

[5] Giovanni Felder and Alexander Varchenko, On representations of the elliptic quantum group
E; ., (sl2), Comm. Math. Phys. 181 (1996), no. 3, 741-761

[6] Nora Ganter, The elliptic Weyl character formula, Compos. Math. 150 (2014), no. 7, 1196—
1234.

[7] Victor Ginzburg, Michail Kapranov, and Eric Vasserot, Elliptic Algebras and Equivariant
Elliptic Cohomology I, arXiv:q-alg/9505012



42

(8]
[9]

[10]

[11]
[12]
[13]
[14]

[15]

GIOVANNI FELDER, RICHARD RIMANYI, AND ALEXANDER VARCHENKO

V. Gorbounov, R. Riményi, V. Tarasov, A. Varchenko, Quantum cohomology of the cotangent
bundle of a flag variety as a Yangian Bethe algebra, J. Geom. Phys. 74 (2013), 56-86.
Mark Goresky, Robert Kottwitz, and Robert MacPherson, Equivariant cohomology, Koszul
duality, and the localization theorem, Invent. Math., 131(1)(1998),25-83.

1. Grojnowski, Delocalized equivariant elliptic cohomology, (preprint 1994), in Elliptic co-
homology, 114-121, London Math. Soc. Lecture Note Ser., 342, Cambridge Univ. Press,
Cambridge, 2007.

Hitoshi Konno, Elliptic quantum groups Ugp(gln) and Eqp(gly), arXiv:1603.04129
[math.QA]

Davesh Maulik and Andrei Okounkov, Quantum Groups and Quantum Cohomology,
arXiv:1211.1287 [math.AG]

David Mumford, Abelian varieties, Tata Institute of Fundamental Research Studies in Math-
ematics, No. 5, Oxford University Press, London 1970.

R.Riményi, V.Tarasov, A.Varchenko, Partial flag varieties, stable envelopes and weight
Sfunctions, arXiv:1212.6240, Quantum Topol. 6 (2015), no. 2, 333-364, DOI 10.4171/QT/64
R. Riményi, V. Tarasov and A. Varchenko, Trigonometric weight functions as K-theoretic
stable envelope maps for the cotangent bundle of a flag variety, J. Geom. Phys. 94 (2015),
81-119

R. Rimanyi, A. Varchenko, Equivariant Chern-Schwartz-MacPherson classes in partial flag
varieties: interpolation and formulae, arXiv:1509.09315, to appear in IMPANGA2015, 9pp
R. Rimdnyi and A. Varchenko, Dynamical Gelfand-Zetlin algebra and equivariant coho-
mology of Grassmannians, Journal of Knot Theory and Its Ramifications Vol. 25, No. 12,
1642013 (2016), 29pp

Toanid Rosu, Equivariant K-theory and equivariant cohomology, Math. Z. 243 (2003), 423~
448, with an appendix by A. Knutson and I. Rosu.

V. Tarasov and A. Varchenko, Geometry of q-hypergeometric functions as a bridge between
Yangians and quantum affine algebras, Invent. Math. 128 (1997), 501-588

V. Tarasov and A. Varchenko, Geometry of q-hypergeometric functions, quantum affine
algebras and elliptic quantum groups, Astérisque, vol. 246 (1997), 1-135

DEPARTMENT OF MATHEMATICS, ETH ZURICH, 8092 ZURICH, SWITZERLAND
Email address: felder@math.ethz.ch

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH CAROLINA AT CHAPEL HILL, CHAPEL
HiLrL, NC 27599-3250, USA
Email address: rimanyi@email.unc.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH CAROLINA AT CHAPEL HiLL, CHAPEL
HiLn, NC 27599-3250, USA
Email address: anv@email .unc.edu



