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ABSTRACT. We consider the rational dynamical quantum group E, (gl,) and introduce an E, (gl )-

module structure on @&;_oHf; | (T*Gr(C™)), where HEp ex (T*Gry(C™))" is the equivari-

ant cohomology algebra Hp; - «x (T*Gry(C")) of the cotangent bundle of the Grassmannian
Gri(C™) with coefficients extended by a suitable ring of rational functions in an additional
variable A. We consider the dynamical Gelfand-Zetlin algebra which is a commutative alge-
bra of diffference operators in A\. We show that the action of the Gelfand-Zetlin algebra on

HEp ex (T"Gry(C™))’ is the natural action of the algebra HEp o (T"Grk(C")) ® C[0*!] on
Hip ox (T7Gri(C))', where 6 : () = (A + ) is the shift operator.
The E,(gl;)-module structure on & _oHg, | o (T"Gry(C™))’ is introduced with the help of

dynamical stable envelope maps which are dynamical analogs of the stable envelope maps intro-
duced by Maulik and Okounkov, [MO]. The dynamical stable envelope maps are defined in terms
of the rational dynamical weight functions introduced in [FTV] to construct g-hypergeometric
solutions of rational gKZB equations. The cohomology classes in HéLanX(T*Grk((Cn))’ in-

duced by the weight functions are dynamical variants of Chern-Schwartz-MacPherson classes of
Schubert cells.
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In [MO], Maulik and Okounkov study the classical and quantum equivariant cohomology of
Nakajima quiver varieties for a quiver ). They construct a Hopf algebra Yy, called the Yangian
of @, acting on the cohomology of these varieties, and show that the Bethe algebra B? of this
action, depending on some parameters ¢ and acting on the cohomology of these varieties coincides
with the algebra of quantum multiplication. If ¢ — oo, the limiting Bethe algebra B>, called
the Gelfand-Zetlin algebra, is isomorphic to the algebra of the standard multiplication on the
cohomology. The construction of the Yangian and the Yangian action is based on the notion of
the stable envelope maps introduced in [MO]. In this paper we construct the dynamical analog
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of the stable envelope maps for the equivariant cohomology algebras of the cotangent bundles of
Grassmannians.

Let (C*)™ C GL, be the torus of diagonal matrices. The groups (C*)" C GL, act on C"
and hence on the cotangent bundle T"Gr(C") of a Grassmannian. Extend these (C*)" C GL,
actions to the actions of T = (C*)” x C* C GL, x C* in such a way that the extra C* acts
on the fibers of T Gr(C") — Gr(C") by multiplication. Consider the equivariant cohomology
algebra H: (T Gry(C")). In this situation Maulik and Okounkov define the stable envelope maps

Staby, : Df_o H7((T"Gr(C"))") = B H7(T G (C")),

where (T"Gry(C"))” € T"Gry(C") is the fixed point set with respect to the action of 7" and ¢ is
an element of the symmetric group S,. They describe the composition maps Stab ) o Stab, in
terms of the standard gl, rational R-matrix and these R-matrices give a Yangian Y (gl,)-module
structure on @F_, Hx (T Gr (C")), see also [RTV1].

A similar construction can be performed for the equivariant K-theory algebras K7 (T"Gry (C")),
see [RTV2]. In that case the composition maps Stab; o Stab, are described in terms of the
standard gl, trigonometric R-matrix and these R-matrices give a gl, quantum loop algebra action
on ®F_, K7 ((T*Gri (C"))T) similar to the quantum loop algebra action studied by Ginzburg and
Vasserot in [GV, Vasl, Vas2].

Let A be a new variable. In this paper we extend the coefficients Hx((T Gr(C™)") C
HA(T Gy (C™)TY and Hi:(T"Gry(C™)) € Hi(T Grye(C"))" by suitable rational functions in
A and then define dynamical stable envelope maps

(1) Staby : ®F_oHi (T Grye(C*)T) — @l Hi (T Grye(CY)), o €8,.
We describe the composition maps Stab;,1 oStab, in terms of the rational dynamical R-matrix
1 0 0 0
0 (Aty)z  _ (A+2)y 0
AMz— Az—
R<)‘7 2 y) = 0 — g)\fggy ()\Ey)g) 0
Az=y)  Az—y)
0 0 0 1

and define on @7_,Hx(T Gy (C"))" a module structure over the rational dynamical quantum
group E, (gly).

The elliptic dynamical quantum group E;,(gl,) was introduced by G.Felder in [F1, F2], see
also [FV1]-[FV3], [FTV]. The rational dynamical group E,(gl,) is a suitable semi-classical limit
T — i00 of B, (gly), where 7 is the modular parameter.

Having the E,(gl,)-module structure on @F_,Hx (T Gry(C"))’ we consider the Gelfand-Zetlin
algebra B of that module, the dynamical analog of the Gelfand-Zetlin subalgebra of the Yangian
Y(gly). The Gelfand-Zetlin algebra B is a commutative algebra of difference operators with
respect to the variable A. The Gelfand-Zetlin algebra preserves each of the terms H:(T" Gr (C"))'.
Let § : ((\) = C(\ +y) be the shift operator. We show that the action of B on H: (T Gr(C"))’
is the natural action of H (T"Gry(C™)) ® C[0*!] on Hi(T Gry(C"))’, where C[§F!] is the

GL,xC*
algebra of Laurent polynomials in d, see Theorem 10.3.
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We show that the space EBZ:OHgLanX(T*Grk(Cn))’ C B Hi(T Gr(C")) is an E,(gly)-

submodule and show that for any k, the action of B on H},, ..(T 'Gr(C")) is the natural

action of Hf, (.« (T"Gry(C")) ® C[6*!] on Hip o ox (T"Gry(C™))', see Corollary 10.9.

We define the dynamical stable envelope maps for the cotangent bundles of Grassmannians by
explicit formulas in terms of the gl, rational dynamical weight functions introduced in [FTV].
Our motivation of this construction is the fact that the stable envelope maps for the equivariant
cohomology (resp. K-theory) of cotangent bundles of Grassmannians were defined in terms of
the rational (resp. trigonometric) gl, weight functions from [TV1], and our goal was to study
the stable envelope maps in the dynamical setting.

The rational dynamical weight functions were introduced in [FTV] to construct ¢-hypergeometric
solutions of the rational gKZB equations. The arguments of the weight functions in [FTV] are
A Y, 21,0y Zn, 1, ..., Tk, where A runs through the one-dimensional Cartan subalgebra of sls,
y is the parameter of the dynamical quantum group E,(gl,), variables z1,..., 2, are evaluation
parameters of tensor factors and t,...,t; are the integration variables in the g-hypergeometric
integrals. Another interpretation in [FTV] of variables t1,...,%; is that they are variables in
the Bethe ansatz equations associated with the dynamical XXX model. In this paper, variable
A is an auxiliary parameter, which could be interpreted as the parameter corresponding to the
hyperplane sections of Grassmannians, variables y, 21, ..., z, are interpreted as the equivariant
parameters corresponding to the torus 7" and the arguments t¢;,...,¢; are interpreted as the
Chern roots of the associated bundle over Gr(C"). This correspondence between the variables
in the Bethe ansatz equations and the Chern roots is the indication of a dynamical Landau-
Ginzburg mirror correspondence.

In [MO] in the case of Grassmannians, the commutative Bethe algebra B? depends on quantum
parameter ¢ which also corresponds to the hyperplane sections of Grassmannians. The limit
qg — oo of B? gives the Gelfand-Zetlin algebra. In the dynamical setting our Gelfand-Zetlin
algebra does not have obvious deformations and it is not clear if there is a quantum parameter.
One may speculate that the dynamical parameter A is an analog of the quantum parameter ¢ in
quantum cohomology.

Notice that the dynamical quantum group has one more nontrivial commutative Bethe algebra
L1 (w) + Lag(w), studied in [F1, F2, FV1, FV2, FV3, FTV].

In the next paper we will extend the constructions and results of this paper to the case of the
elliptic dynamical quantum group E; ,(gl,). That will give us an elliptic dynamical version of
the H, o (T"Gre(C") @ C[6+']-module Hy,; (T Gr(C"))',

This paper can be considered as a continuation of the series of papers [RSTV, GRTV, RTV1,
RTV2, TV3| devoted to the geometrization of the Bethe algebras in quantum integrable models.

The paper is organized as follows. In Section 2 we collect geometric information on Grassmanni-
ans. In Section 3 we introduce the rational dynamical weight functions {W, ;} and establish their
recursion and orthogonality properties. In Section 4 we discuss the diagrammatic interpretation
of the combinatorics encoded in the weight functions. In Section 5 the interpolation properties
of the weight functions are collected and important classes {rq;} € ®F_oHi(T Gry(C"))" are
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introduced. The classes {k,} are dynamical deformations of the Chern-Schwartz-MacPherson
classes of Schubert cells, see Remark 5.7 and [RV]. In Section 6 we define the dynamical stable
envelope maps

Stab, : &1 Hi((T G (C*)TY — @ Hi (T Cri(CTY)), 17 = g,

and calculate the composition maps Sta‘b:,,1 o Stab , in terms of the dynamical R-matrix R(\, z,y).
In Sections 7 and 8 we introduce a collection of elements {¢;}rer, € Hi((T"Gry(C™)T) and
construct the map inverse to the map Stabiq. In Section 9 we present information about the
rational dynamical quantum group E,(gl,) and introduce the Gelfand-Zetlin algebra. We show
that the action of the Gelfand-Zetlin algebra on H:((T Gry(C"))T) is diagonalizable. Proposition
9.5 says that the elements {&;} ez, form a basis of eigenfunctions of the Gelfand-Zetlin algebra.
In Section 10 we prove the main results: Theorem 10.3 and Corollary 10.9.

The second author thanks MPI in Bonn for hospitality.

2. PRELIMINARIES FROM GEOMETRY

2.1. Grasmannians. Fix a natural number n. For k < n consider the Grassmannian Gry(C")
of linear subspaces of C", and its cotangent bundle 7 : T"Gr, (C") — Gr(C"). Let

X, =[] T Gr(C").
k=0

The set of k-element subsets of [n] := {1,...,n} will be denoted by Z;. For I € T, let I = [n]—1.

Let €,...,€, be the standard basis of C". For I € Zj let x; be the point in Gri(C") corre-
sponding to the coordinate subspace span{e; | i € I}. We embed Gry(C") in T"Gry(C") as the
zero section and consider the points z; as points of T"Gry(C).

2.2. Schubert cells, conormal bundles. For any o € S,, we consider the full coordinate flag
in C"
Ve ocvwcecvy c...cVy=C",
where V7 = span{e, (1), ..., €()}. For I € I, define the Schubert cell
Qo ={F € Gr(C") | dm(FNV))=#{iel|o '(i)<q}forq=1,...,n}.
The Schubert cell is isomorphic to an affine space of dimension
log = #{(i,4) € [n]* | i > j,0(i) € I,0(j) € T}.

For a fixed o, the Grassmannian Gry(C") is the disjoint union of the cells €, ;, see e.g. [FP,
Sect.2.2]. We have x; € Q,; for any o.
For o € S,, we define the partial ordering on the set Z,. For I, J € Z;, let

oM ={ii<...<ix}, oM N)={<... <jrh
We say that J <, I'if j, <i,fora=1,... k.
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The Schubert cell €, is a smooth submanifold of Gri(C"). Consider its conormal space
CQUJ = {Oé € Wﬁl(QU’[) | a(Tw(a)QU,[) = 0} C T*Grk((C“) .

It is the total space of a vector subbundle of T"Gry(C") over €2, ;.

2.3. Equivariant cohomology. Let (C*)* C GL,, = GL,(C) be the torus of diagonal matrices.
The groups (C*)" C GL, act on C" and hence on the cotangent bundle T"Gr (C"). We extend
these (C*)™ C GL, actions to the actions of T' = (C*)" x C* C GL, x C* in such a way that
the extra C* acts on the fibers of T"Gry(C") — Gry(C") by multiplication.

Consider the set of variables

I'= {71,1, V1,255 V1ks V2,15 72,25 - - - ,’YQ,n—k}-

The group Sy x S,—j acts on I' by permuting the 7, , and ~,, variables independently. Consider
also variables z = {z1,...,2,} and y. The group S, acts on the set z by permutations. The
following presentation of the equivariant cohomology of the Grassmannian is well known. We
have

k n—k n
(2) Hj (T Gr(C") = C[T, 2, )5/ T[(w = 710) [T (w = 2.0) = [J(w = 20)-
i=1 i=1 i=1

Here the meaning of []F_, (v — v1.0) [T/2y (u — 724) — [[1-y (u — 2) is that the coefficient of every
power of u in this expression is set to be a relation. In other words, the relations in this algebra
are of the form f(I') = f(z) for symmetric polynomials f. In this description the variables
Y1+ (resp. 72.) are the Chern roots of the tautological subbundle (resp. quotient bundle) over
Grk(C"). The variables z; are the Chern roots corresponding to the factors of 7™.

Similarly we have the representation

k n—Fk n
() Hip or (T'Gry(CY) = CIT, 2, 55550055/ T (w = 1) [ (= 700) — [[(u = #0).
i=1 i=1 i=1

We have the natural embedding
(4) HEp o ox (T7Gr(C")) € Hy (T Gri(C")).

2.4. Denominators. The cohomology algebra H: (T Gry(C")) is a module over the polynomial
algebra C[z,y|. Later in this paper this and other C[z, y]-modules will be considered with some
permitted denominators, as follows.

Let L., be the algebra consisting of rational functions of the form

f(z,y)
) Hz’;«éj(zi — 2j)h H”(Zl — 2 —y)l

where f is a polynomial and k;;,l;; are arbitrary nonnegative integers.
Let L., be the algebra of all rational functions in z,y.
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Let A be a new variable. Let £, , be the algebra of rational functions of the form f/g, where
f is a polynomial in variables A,y and ¢ is a finite product of factors of the form A + ly, where
leZ.

Let

(6) Lazy = Lay Ocy) Lzy,  Lazy) = Loy Ocpy) Lizy)-
For a module M over Clz,y] by M ® L, ,, M ® L), or M & Ly (»,) we mean the tensor

products over C[z, y].

2.5. Fixed point sets. The set (T Gr,(C"))” of fixed points of the T-action is (z)rez,. We
have

()T = x ... x Xy, (n factors).

Let the standard basis vectors of C* be v; and v,. The algebra H}((XH)T) is naturally isomorphic
to (C?)®"®C|z, ], with the isomorphism mapping the identity element 1; € Hz(z;) to the vector

V=0, ®... .00,

where i; = 1if j € I and i; = 2 if j € I. We denote by (C*)?" the span of {v; | |I| = k}.

2.6. Equivariant localization. Consider the equivariant localization map

Loc : Hy(T"Gr(C") — Hp((T Gy (C)") = B Hy(a1)

whose components are the restrictions to the fixed points z;. In the description (2), the I-
component Loc; of this map is the substitution

{nade{wlaeell,  {pd={zlacl}

For f(T',z,y) € H;(T Gr(C")) the result of this substitution will be denoted by f(zr, z,%).

Equivariant localization theory (see e.g. [ChG]J) asserts that Loc is an injection of algebras.
Moreover, an element of the right-hand side is in the image of Loc if the difference of the I-th
and s; ;(1)-th components is divisible by z; — z; in Clz,y] for any i # j. Here s;; € S, is the
transposition of ¢ and j, and s; ;(/) is the set obtained from I by switching the numbers ¢ and j.
Hence the maps

(7) Loc : Hp(Gr(C") @ L, = Brer, Hp(z1) ® L,

Loc : H}(Gri(C") @ L2y — ®rer, Hi(x1) @ L2y

are isomorphismes.
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2.7. Fundamental class of (), ; at z;. Define the following classes

hor hor
eoie =11 11 Gowy = 2o@). i =11 H 2o(t) ~ Zota)

b<a o(a)el b>a o(a)
a(b)el (b)e[
i =11 I Gow —2m+v), 5 =]1 H Zota) = Zo(®) T Y)
b>a o(a)el b<a o(a)
o(b)el U(b)EI

in H}(pt) = C[z,y]. Here hor and ver refer to horizontal and vertical.
Recall that if C* acts on a line C by o - = "z then the C*-equivariant Euler class of the
line bundle C — {0} is ¢(C — {0}) = rz € H{. (point) = C[z]. Thus standard knowledge on the

tangent bundle of Grassmannians imply that
e(T,rle;) = egi g e(W(Qor € Gri(C))lo,) = 57—,

where v(A C B) means the normal bundle of a submanifold A in the ambient manifold B, and
¢|, means the restriction of the bundle £ over the point x in the base space. Therefore we also
have

e(CQ 1lz;) = eg?;,-s-v e((ﬁ_l(ﬂa,f) —CQo1)ley) = 63?;,—7
where CQ, ; and 7 1(€, ;) are considered bundles over €, ;. Now consider C(), ; as a submanifold
of T*Gri(C"). Then we obtain

e(V(CQyr C T Gri(CY)]s,) = by el _.
3. WEIGHT FUNCTIONS
3.1. Definition and recursion of weight functions.
Definition 3.1. Fori e I € I, let
w(i,)=—4{jell |j>ijel+4{jen]|j>ijel}

The notation does not record it, but w(i, I) depends on n as well. For example for n = 6 we
have w(2,{1,2,4}) = =3+ 1 = —2, and for n = 7 we have w(2,{1,2,4}) = -4+ 1= -3.
Definition 3.2. For [ € Z,,0 € S,,, r € Z define the rational functions

Cor =IO = (e (@).07H (D) +1)y).
iel

Let I ={i1 <iy<...<ix} Cn|. Forr=1,... ) k,a=1,...,nlet

ty — 24+ v if a <,
li(r,a) =< AN+t — 2z — w(ip, Dy if a =1,
t, — 24 if a > 1,.

For o € S, and I = {iy,...,ix} C [n] define o(I) = {o(i1),...,0(ix)} C [n]. We will define

some functions in the variables A\, t = (t1,...,t), 2 = (21,...,2,), and y.
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Definition 3.3. Let

i k n k k ta—tb‘f‘y
W[()\,t,Z,y>:y Symk HHZI(Tva’)'H H ﬁ )

where Symy, f means Y s f(to), - tor)). Define the (dynamical rational) weight function
by
WO',I(/\a t7 z, y) - Wafl(l) ()‘7 ta Zo(1)y++ 5 Ra(n)s y)

We have Wiqr = W;. Despite the appearance of t, — ¢, factors in the denominators, W; and
W, 1 are polynomials.

Example 3.4. For n =2 we have

Wia, 1y = y AN+t — 21 +y)(t1 — 22) Wia,q2y = y(t1 — z1 +y)( A+t — 22),
W51727{1} = y()\ —+ tl — Zl)<t1 — 29 + y) W81,27{2} = y(tl — Zl)(>\ + tl — 29 + y)
More generally, for k =1, and {i} C [n] we have
i—1 n
Wia gy = Z/H(tl — 2o ty) - A+t —2z+(n—1dy)- H (t1 — 2a)-
a=1 a=i+1

Proposition 3.5 (Recursion for weight functions). If s, .+1(I) = I then

W[(...,Za+1,za,...> :W[(...,Za,Za+1,...>
Ifael,a+1¢&I then

W

5u.,a+1(1)(‘ . J’Za+17 Z(Z7 .. )
(Zax1 — 2a) (XN — (w(a, I) + 2)y) YA+ Zap1 — 20 — (wla, 1) + 1)y)
(a1 — 20+ )N — (W@, D+ Dy) " (Garr — 20 +9)(A = (wla, ) + Dy)

Ifagl,a+ 1€l then

WSa,a+1(I)(‘ <oy Ra+1y Ray - - ) =
(Za+1 — Za)()‘ B (w(a + 17 [) — 1)3/) y<)‘ + Zat1 — Za — w(a + 17 I)Z/)
(za+1 - Za+y>()‘_w(a+ 1,[)3/) ! (ZaJrl - Za+y)()‘_w(a+ 1>I)y) et
Proof. Straightforward calculation, cf. [RTV1, Lemma 3.3], [RTV2, Theorem 6.10]. The state-
ment of this lemma is the rational degeneration of the statement of Lemma 6 in [FTV]. O

3.2. Some versions of weight functions. Denote

k k
€k—6k HHt—tb+y

a=1b=1
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Let so = (n,n—1,...,2,1) be the longest permutation in S,,. We define the following modifica-
tions of weight functions:

- - 1
Wor=Wer(\t, z,y) = e—WJJ()\,t,z,y),
k

- - —1)*
W[; = W];<>‘7t7z7y) = ( ) WSQ,K(_)\ - (n - Qk)y7t7z>y>7

€k
Wi =Wo,(\tzy) = WWU,J()‘ata z,Y),
Wi = Wi tzy) = Wi,
Example 3.6. For k =1 we have
i—1 n
W{_i} = —H(t1 —2a) (A +ti—2z+(i—n+1)y)- H (t1 — 24 +7),
a=1 a=i+1
i - il =zt y) Ot — 2t (0= )y) o (6 — 20)

o A+ (n—iy) A+ (n—i-1)y)
3.3. Orthogonality. Denote

(8) HH o= %), Qr=Qi(z,y) = HH o= 2+ 1Y)

a€l pe] a€l peT

Proposition 3.7 (Orthogonality of weight functions I). For any J and K we have

Z I/Vid,J(/\7 Z1, =, y)Wso,K<_/\ - (TL - 2k>y7 Z5, Z, y) — (_1)k5JK
= Cr(\y)er(zr)Ri(2)Q1(2,y) ’
k
Proof. The proof is as in [RTV1, Lemma 3.4] and [RTV2, Theorem 6.6]. The statement of this
lemma is the rational degeneration of the statement of Theorem C.4 in [TV2]. O

Define the scalar product

fA zf,z Y)g(A\, 21, 2,Y)
(f(Nt2,9), 9\t 2,9)) IGZI 01(z.9) :

Corollary 3.8 (Orthogonality of weight functions II). We have
(W, W) =61k

Proof. The statement is a rephrasing of Proposition 3.7. U
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4. COMBINATORICS OF THE TERMS OF THE WEIGHT FUNCTION

In this section we show a diagrammatic interpretation of the rich combinatorics encoded in
the weight function. Let I € 7. Consider a table with n rows and two columns. Number the
rows from top to bottom and number the columns from left to right (by 1 and 2). Certain boxes
of this table will be distinguished, as follows. In the first column distinguish boxes in the i’th
row if ¢ € I and distinguish all the boxes in the second column.

Now we will define fillings of the tables by putting various variables in the distinguished boxes.
First, put the variables zi,..., z, into the second column from top to bottom. Now choose a
permutation o € Sj and put the variables t5(1),...,%,(x) in the distinguished boxes of the first
column from top to bottom.

Each such filled table will define a rational function as follows. Let ¢, be a variable in the filled
table in the first column. If 2, is a variable in the second column, but above the position of ¢,
then consider the factor ¢, — z, +y (‘type-1 factor’). If z, is a variable in the second column, but
below the position of ¢, then consider the factor ¢, — z, (‘type-2 factor’). If z, is a variable directly
to the right of ¢,. then consider the factor A+, — z, —wy where w is the number of distinguished
boxes below ¢, minus the number of non-distinguished boxes below ¢, (‘type-3 factor’).

Also, if ¢, is a variable in the first column, but below the position of ¢, then consider the factor
(ta —to +y)/(ta — t») (‘type-4 factor’). The rule is illustrated in the following figure.

Za tT ta
t. | Za
tr Za tb
(tr — 24 + ) (tr — 24) A+t — 24 — wy) {ta=ty+y)
(ta - tb)
type — 1 type — 2 type — 3 type — 4

For each variable ¢; in the table consider all these factors and multiply them together. This is
“the term associated with the filled table”.

One sees that W;/y* is the sum of terms associated with the filled tables corresponding to all
choices of o € Sy.. For example, if n = 3 then Wiy 3y is y? times the sum of two terms associated
with the filled tables

21 2!
tl 22 |, tQ Z9 |
ta | 23 11| %3

The term corresponding to the first filled table is

th—ta+y

(ti—z1+y)(ta— 21+ y)(ta— 20 +y) (t1 — 23) A+t — 20 —y) (A + 1o — 23) #a
N ~~ o\ AN ~~ g tl —_— t2

type—1 type—2 type—3 —

type—4

and the term corresponding to the second one is obtained by replacing ¢; and 5.
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In the next section we will substitute z,’s into the t; variables according to some rules. Thus
we obtain terms corresponding to tables filled with only z, variables (no ¢;’s). If in such a

[ % |

substitution we have a filled table containing , then the term corresponding to that table

]

is 0. This phenomenon is behind the substitution lemmas of the next section.

5. RESTRICTIONS OF WEIGHT FUNCTIONS TO FIXED POINTS

5.1. Interpolation properties. For I C [n] denote z; = {z; | i € I}. As before let k < n,
UESn, [,JEIk.

Lemma 5.1. The polynomial W, (A, z 5, z,y) is divisible by ex(z,y) for all o, 1,J. O

In other words, although Wg, 1 (see Section 3.2) are rational functions in the ¢ variables, all
their z; substitutions are polynomials.

Lemma 5.2. Wavl()\,z‘],z,y) =0 unless J <, I. O

Lemma 5.3. W, 1(\, 2z, z,y) is divisible by e} _ for all 0,1, J. O
Lemma 5.4.
T n 0 or _ver
Wor(N z1,2,y) = (—1)( ko1 cS'I) ‘ el;,l,fea,l,f'
O

Lemma 5.5. W, (), z;,2,9) is a polynomial of degree k(n — k) + k, where deg A = deg z; =
degy = 1. Its A-degree is at most k. It is divisible by y if J # 1. U

Lemmas 5.1-5.5 are analogs of lemmas in [RT'V2, Section 6.1] and proved similarly. The lemmas
follow from the diagrammatic presentation of weight functions in Section 4.

5.2. Cohomology classes r, .

Lemma 5.6. There exist elements ko1 in Hi:(T Gri (C"))®Ly such that for all torus fived points
x; in T Gr (C") we have )

KUJ’wJ = W:,_[()‘» 27,2,Y)-

Proof. The substitutions W;f[()\, zj,2,y) belong to C[z,y] ® £, by Lemma 5.1 and they satisfy
obvious divisibility properties. This proves the statement. 0

We can informally write that r,; = [W.,]. Lemmas 5.2-5.5 give properties of restrictions of
classes k.1 at the fixed points.

Remark 5.7. Each class k,; is a polynomial in A of degree k. The coefficient of A* is the
class denoted by r,; in [RTV1]. The classes k,; of [RT'V1] are the Chern-Schwartz-MacPherson
classes of Schubert cells, see [RV]. In that sense the classes k,; of Lemma 5.6 are dynamical
deformations of the Chern-Schwartz-MacPherson classes of Schubert cells.
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6. STABLE ENVELOPE MAPS AND R-MATRICES

6.1. Stable envelope maps. Recall from (7) that H}(X,) ® L) ., is a free module over £, . ,,.
For a fixed o € S, the elements k,; form a basis in it, because of Theorem 5.6 and the triangu-
larity property of Lemma 5.2.

Definition 6.1. For o € S,, we define the stable envelope map
Stab, : Hy(X!) ® L2y — Hi (X)) @ Ly, 17 = Ko,
where I € Iy, for 0 < k < n.

The Stab, map is an isomorphism of free £, , ,-modules.
Recall that we identified Hi(X) ® L ., with (C*)®" ® Ly ., via 1; = v; and we identified
Kor With [W7]. Hence Stab,; can also be viewed as a map

Stab, : (C*)*" ® Ly 2y — Hi(X0) @ Ly, vy > [W;I]
For example, for n = 2 we have
Stabid :

= 1

vy =01 QU2 [Wﬁ,{g] = lm(/\ +t— 2z +y)(t — 22)}
. 1

’0{2} = V2 & U1 — [‘/[/1—(;{2}] = [m(tl — 21 + y)(/\ + tl — 22>:|

Stab

S1,2 *

R 1
vy =01 Qv = [W‘:;Q’{l}] B [m

1
J— + = A\ )
U{z} = Vo ® vy > [WS1,27{2}] o |:)\()\ + y)

AN+t —21)(t1 — 22 + y)]
(tl — Zl)(>\+t1 — 29 +y):| .

6.2. Geometric R-matrices. For 0,0’ € S,, we define the geometric R-matrix
Ro0 = Stab,! o Stab, € End (Hj (X)) ® L).,) = End ((C*)*" ® L12,) -
For example, the calculation above yields that for n = 2 the matrix of Riq s in the basis
V1RV, V1RV, VRV, V&V

18

1 0 0 0
Aty)(zi—z2) _ (Atz1—22)y
0 )\(Zl—ZQ—y; Az1—22—Yy) 0
0 —Q-ztz)y  QA-yla-z)
Az1—22—Yy) Az1—22—Yy)
0 1



14 R.RIMANYI, A. VARCHENKO

6.3. Dynamical R-matrix. Let A, z,y be parameters. Consider the rational dynamical R-
matriz R(\, z,y) € End(C*® C?) ® L, ., given by the formula

1 0 0 0
0 g\)\—l-y)z i g\)\—&-z)y

) ROz = | o 268, 4% |
Az—y)  Alz—y)

0 0 0 1

in the basis v1 ® v1, V1 ® V9, V9 ® V1, Vg ® Vs.

Let R (), z,y) be the linear map that acts on (C*)®" ® L, ., in such a way that the dy-
namical R-matrix acts in the ¢ and j factors (here (i,7) is an ordered pair). For n = 2 we have
RO2(X, z,y) = R(\, z,y). Easy calculation shows the inversion relation

(10) R (N, 2,y) RPV(\, —z,y) = 1d.

Set h(v1) = 1 and h(vs) = —1. Define AV (v;; ® ... ® v;,) = h(v;;) for an elementary tensor
v, ®...®v;, and extend this linearly to the tensor product. This notation will be used in the
whole paper.

One can verify by direct calculation the dynamical Yang-Baxter equation

(11) RO\ —yh® 2 —w)RBD (N, 2) R\ — yhM w) =
= REI (N, w)RMI (N = yh@ ) RED (N 2 — w).
Here RO (A — yh®, 2 — w) means that if a @ b® ¢ € C*@C*® C? and he = pc, u € C, then

RN —yh®) w—2)a®@b®c =R (X —yu,w — 2)(a ®b) ® ¢, and the other symbols have a
similar meaning.

6.4. Geometric and dynamical R-matrices coincide. The calculation at the end of Sec-
tion 6.1 can be rephrased to the fact that for n = 2 we have
Riq,s = R(m)()\, 21 — 22,Y),
or equivalently
Rs,id - R(271)(A7 2o — 21, y) - R(lg)(Aa 21 — 22, y)_l'
More generally the following proposition holds.

Proposition 6.2 (Geometric and dynamical R-matrices coincide). We have
RUSa,a+1,U = R(J(a+1),0(a)) (/\ -y Z h(U(i))’ Zo(a+l) — Ro(a)s ?J)

i=a+2

foranya=1,...,n—1.

Proof. The proposition follows from Proposition 3.5, cf. [RTV1, Theorem 3.7], [RTV2, Theorem
7.1). 0
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7. THE & VECTORS

7.1. Definition. The vectors &; defined in this section are dynamical analogs of the vectors &;
in [GRTV], [RTV1], [RTV2].

Recall that for I € 7, we have v; = v;, ® ... ®@v;, € (C*)®" where i; = 1if j € I and i; = 2 if
jel
Definition 7.1. Foro € S,,, I € I, let

(12) = zyz~ (N 21,2, y)vs

Example 7.2. Forn =2, k=1 we have

—(AN+2z1— 2 A — 2 — 2
£y = Avqy, §oy = ( - 2>yv{1}+( W)z 2)0{2}-

21— R2— Y /1 — k2 Y

Forn =3, k=1 we have

$ay = A+ y)vp,

~A+ 2 —zm+y)y Az — )
— v + v )
38! H—zm—y By
—(A+ 21—z +y)y —(At 2 — z)(5 — )y
_ v+ Ug2} +
5{3} 21— 23—y {1} (Zl — Z3 — y)(z2 — 23— y) e

(21 — 23)(22 — 23)
+ (A —
S ) a sy
Let I ={1,...,k} C [n] and I™* ={n—k+1,...,n} C [n].
Proposition 7.3. The coefficient of vy in & is 0 unless J <iq I. The coefficient of vy in & is

Zp — Za
Car- IT1I =

— Z
b<a a€l b @
bel

V3.
){}

In particular,
k

flmin — H(}\ + (n - ]{ — Z)y) . 'UImin.
i=1
Also, the coefficient of vimas 1N Epmas is
k 2
. R[maac (Z)
A—1y) - = —1

E( y> aegaz Zb - Za lU y Imax <z>
Proof. The statements follow from the definition of &; and the interpolation properties of weight
functions in Section 5, cf. [GRTV, Propositions 2.14], [RTV2, Theorem 8.2]. O

Corollary 7.4. The vectors {£;}rez, form a basis of the Ly . ,-module (C*)*" @ L) ..



16 R.RIMANYI, A. VARCHENKO

7.2. Recursive properties of the ¢; vectors. Let Pt be the operator switching the ith
and i+ 1st factors in (C*)®". Let KV 1 f(z; 2;11) = f(2i41, 2:) be the operator that replaces
the variables z; and z;,1. Here f may also depend on other variables A, z1, ..., 2,1, Zi4o, ..., Zn, Y,
and can be vector-valued as well.

Recall the dynamical R-matrix and the notation h) from Section 6.3. Define the operator

5= RUHD(\ —y Z A8 2 — zi4q) o PUATD o [+
k=i+2
in End((C*)®") ® L2,

Proposition 7.5. The s; operators satisfy the relations

~9 ~ -~ ~ ~ ~ ~ ~ ~ o~ . . .
5 =1, 8i418:8i41 = 8:8:415:, 5;8; =5;8 if |i—j|>1,
and hence they define an action of S,,. Moreover,

§izi = Zz'—l—lgi; gizi+1 = Zz'gia §,;Zj = ngi; Zf ] 7é l,Z + 1,

where 21, . .., z, are considered as the scalar operators on (C*)®" ® Ly of multiplication by the
respective variable.

Proof. The proposition follows from the dynamical Yang-Baxter equation (11) and inversion
relation (10). O

Proposition 7.6. We have &, (1) = 5:1.

Proof. The weight functions satisfy the recursion in Proposition 3.5. The &; vectors are defined in
terms of the weight functions, and hence they also satisfy the appropriate recursion, cf. [GRTV,
Propositions 2.14], [RTV2, Theorem 8.2]. O

Proposition 7.6 together with the explicit formula for &mi» in Proposition 7.3 could serve as
an alternative definition of the &; vectors.

7.3. §; invariant vectors: components in the ¢; basis.

Proposition 7.7. The vector-valued function ¢ = ;.7 f1(\ z,y)&r is invariant under the
Syn-action generated by the §; operators if and only if

fU(I)<)\7 z,y) = fl()‘u zaa@/)
forallo €S, and I € ;.

Proof. The proposition follows from Proposition 7.6. (

This proposition is a dynamical analog of [RTV2, Proposition 9.3].
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7.4. §; invariant vectors: components in the v; basis.

Definition 7.8. For a function in pu, z,y define

f+
(h=y)(zis—2)" (p—y) (2 —2)
_ ﬂ+yf+/l(2i+1—2i—y)a‘f7
p—y =
where O;f = (f — KWH ) /(2 — 241) is the standard divided difference operator.

$i0(f) = (1 +zip1 — z)y (ziv1 — 2 — y) K(i,i—i—l)f

Remark 7.9. Calculation shows that the operator s = §; , satisfies the identity
(5+1) (s—”—w) ~0.
=y

Lemma 7.10. The vector-valued function ( = ZIeZk fr(\, z,y)vr is invariant under the operator
55 if and only if

b fI = Kjf[ fOrjvj +1lel Orjaj—i_ 1 ¢ [7'

o fou)=8agfrforj &L j+1el and 370 ) hWv = voy;

* fun= §;§_yuf1 forjel,j+1¢&1 and Zzzj+2 hFlu; = vy,

Proof. The statement follows from Proposition 7.6, cf. [RTV2, Lemma 9.2]. O

8. INVERSE OF THE Stab;qy MAP
Define the homomorphism of £, , ,-modules
(13) v HA (X)) ® Lazy — (CH" @ Ly,
by
fA zf,z y . ek
[T zy)] = Y =222 for [f(AT, 2,y)] € Hi(T Gry(C") & L2y,
€T,

Theorem 8.1. The homomorphisms Stabiq and v are inverse to each other.

Proof. For K € T, we have Stabiq(vk) = ia x which is equal to [W;f(\, T, z,9)]. Then

V(Stabig (v)) = Z W;(A,z,r,z,y)& B Z Wi\, 21, 2,9) ZJGIk T\ zr,2,y)vy _

I1€Zy, R[(Z) B I€T;, ( )Q[(Z,y)
v Wi (A Zz,z W5 (A 21, 2,9) .
Z (Z Ri(2)Q1(2,y) )‘ ©

where the last equality holds because of the orthogonality Corollary 3.8. Cf. [RTV1, Lemma 6.7]
and Theorem [RTV2, Lemma 8.5]. O
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Corollary 8.2. We have
k

Stabia(ér) = [T [ (v — 2)-

=1 jeI

9. RATIONAL DYNAMICAL QUANTUM GROUP E,(gl,)

Definitions and formulas below for the rational dynamical quantum group E,(gl,) are semi-
classical 7 — 700 limits of the analogous definitions and formulas for the elliptic quantum group

E. 2(sly), see [FV1]-[FV3].
9.1. Preliminaries. Recall that the space (C*)®" has basis of vectors vy, where I C [n] and

v =0, ® ... Q;,,

with i; = 1if j € I and i; = 2 if j € [n] — I. Denote by (C*)¢" the span of {v; | |I| = k}. We
have (C2)" = ©f_o(C2)§".

Let h be commutative one-dimensional Lie algebra with generator h. Define the h-action on
(C*)®" by setting h = 2k —n on (C*)$".

Now consider h as a variable. Denote by £, ,n, the algebra of rational functions of the form
f/g, where f is a polynomial in A\, yh, y and ¢ is a finite product of factors of the form A+kyh+ly
where k., € Z.

Recall the dynamical R-matrix R(\,w,y) € End(C*®C?) in (9). Notice that each entry
Rij (A, w,y) of the matrix R(\,w,y) has the expansion

Rzgkl)\wy Zlekls)\y
with Rij,kl;s()\a ,y) € ‘C)\,y'

9.2. Definition. The rational dynamical quantum group E,(gl,) is the unital algebra with gen-
erators of two types. The generators of the first type are functions f(\,yh,y) € Lyyny. The
generators of the second type are elements L;; ;(\,y), i,j = 1,2, s € Z,.

Introduce the generating series

Zj/\wy ZLljs)\y iyj:1727

and consider them as entries of the 2 x 2-matrix L(\, w,y) = (L;j(A, w,y)) called the L-operator.
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Relations in E,(gl,) involving f(X, yh,y) are

fvyh,y)g N yh,y) = (f9) (N yh,y),
FNyhy)Lu(\w,y) = Lu(Aw,y)f(Ayhy),
FOLyh,y)Loa(Aw,y) = Laa(A, w,y) f(A yh, y),
FOSyh,y)Lis(Aw,y) = Lia(Aw, y) f(X yh — 2y, y),

FONyh,y)Lon(Nw,y) = Lot(Nw,y) (A, yh + 2y,y).

The relations between the generators of the second type are given by the formula
(14) RO (X = yh,wia, y) LY (N, wi, y) LA (X — yh™) wy, y) =
= LO(\, ws, y) LY = yh®, w1, y) RIP (N, wia, ).

Here h is considered as the generator of the one-dimensional commutative Lie algebra b, see
details in [FV1]. The matrix relation (14) gives 16 scalar relations. Here are two of them:

L11(/\, wy, y)Ln()\ — Y, Wy, ?J) = L11()\> Wa, ?J)Lll()\ — Y, wy, y),
L22(A7 Wy, y)LQQ()‘ + Y, Wa, y) - L22(/\7 W3, y)L22()‘ + Y, Wy, y)7

the other fourteen relations are written down explicitly in [FV1, Section 2.

9.3. E,(gl,)-modules. We define on (C*)®" ® L, (., the following E,(gl,)-module structures
labeled by elements o € .S,,.
The h-module structure on (C*)®"® L, (5, does not depend on o and is defined in Section 9.1.
This h-module structure induces the action on (C*)®"® Ly (5, of generators f(A, yh,y) € L ny.y-
The E,(gl,)-module structure corresponding to o has the L-operator

L<)‘7 w, y) = R(O’l) (>\ -y Z h‘(j)7 w — 20(1)7 y)R(OQ)()‘ -y Z hU)? w — 20(2)7 y) s

=3
. R(O’n_l) ()‘ - yh(n)a W — Zg(n—1)» y>R(0’n) ()‘7 W — Zg(n), y)

We think of L(\, w,y)) as an 2 x 2-matrix with End((C*)®")-valued entires L;;(), w,y) depending
on A\, w, z,y. Expand L;;(\, w,y) into Laurent series in w at w = oo,

(15) Lij(\w,y) = ZLUSAy

Then L;; (A, y) € End((C2)®") Clz,y] ® Ly

The operators {f(\, yh,y), Lijs(\,y)} define on (C*)®"® L) (., an E,(gl,)-module structure,
see [F1, F2, FV1].

The space (C*)®" ® L (»,) with the E,(gl,)-module structure corresponding to ¢ will be
denoted by V(2,(1)) ®. . ®V(zt7 (n)) or by V, and called the tensor product of evaluation modules.
Denote

(V(20(1)) @ - @ V(zom) )k = (C)F" © La (2
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Example 9.1. The E,(gl,)-action on V(z) is given by the formulas

s yh,y)or = fF(A g, y)on, Fsyh,y)va = F(A =y, y)va,
Lin(A w, y)vr = v, Ly (A, w,y)vs = (i(—;y_)(z : ;;)U%
Lia(\ w, y)vy = —%02, Lia(\, w, y)ve =0,

Loy (A, w,y)vy =0, Loy (A, w,y)vg = —H 1,
Los( N, w, y)vy = (A= y)(w Zl)vl, Los (A, w, y)ve = vs.

ANw =21 —y)
Example 9.2. For ezample, on V(z1) ® V(z2) we have

(w = z1)(w — 25)

Los( N, w,y)vy ® v1 =
2wy O v = e S =5 =)

V1 ® vy,

Mw — zp)

Los(N\, w, y)v1 @ vg = O+ o) (w—2—9)

U1 ®U2a

A+y—w+z1)y AN+w—2)y
A+ y)(w—2 —y) Mw — 22 —y)
(A —y)(w — 22)

+ )\(w_zz_y) Vg & V1.

Los(N\, w,y)ve @ vy =

U1®’U2+

LQQ()\, w, y)vg X Vo = V9 & V2.

9.4. Operator algebra. For an E,(gl,)-module V,, o € S,, we define the operator algebra A,
as the unital C-algebra of the following (difference in A) operators, acting on V,,, with generators

FO\yh,y) € C(\;yh,y) and Ly (w,y), Lia(w, y), Lo (w,y), Las(w,y). For
¢ € (C)®" @ Ly (5, We set

( ) = fNyhy)CN 2,y),

( ) = Lu\w,y)C(A —y,2,9),
A zy) = La\w,y)((\—y,2,9),
( ) = Lia(\w)((A+y,2,9),
( ) (A w)((

= L22 )C A+y7zay)’
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Relations involving f(\, yh,y) are

Fyh,y)g(N yhyy) = (Fg)(N yh,y),
FO =y.yhy)Lu(w,y) = Lu(w.y)f(\yhy),
FO+y,yh.y)Las(w,y) = Loa(w,y)f (X yh,y),
FO+y.yh+2y.y)Lis(w,y) = Lis(w,y)f (N yh,y),
FO = y.yh =2y, 9) Lar(w,y) = Loa(w,y) f(\,yh,y).
The 16 relations between Ly (w, y), La(w, y), Loy (w, y), Laa(w, y) are induced by (14). Here are

two of them:
Ly (wy,y)Luy(wa,y) = Ly (wa, y) Ly (w1, y),
Los (w1, y) Lao(wa, y) = Loo(wa,y) Lao (w1, y),
the remaining relations are written down explicitly in [F'V1, Section 3].

Let § : ((\, z,y) — C(A+ vy, z,y) denote the shift operator. Then

f/ll(wv y) - Lll()‘v w, y)6_17 £21 (w7 y) - L21(>\7 w, y>6_17
L12(w7y) = Ll?()‘7w7y)57 L22(way> = L22()\7w7y>5'
Each of these difference operators has the expansion of the form
(16) zij (w,y) = zij,s(y)wisa
s=0

where

I/ij,s(y) = Lijs(A, y)éﬂ,
and the sign is plus if 7 = 1 and the sign is minus if 7 = 2.
9.5. Isomorphisms of modules V.

Lemma 9.3. For any o € S, and i, 1 <1 <n, the map
Riji V(2:1)) ® ... @ V(26(i41)) ® V(260)) ® ... @ V(26(n))
— V(Za(l)) X...Q V<Za(i)) X V(Za(i+1)) X...Q® V(Z(n)),
where

Rz‘,z‘+1 RU-i+1) /\ y Z Bk UZJrl))P(i,i—&-l)’

k=i+2
commutes with the action of the operator algebra.

Proof. The statement follows from the dynamical Yang-Baxter equation. U
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9.6. Determinant. The element

) Do) = L+ ) Lueny) — Lt + y.) Lanlwy) =

- 5 jyh<zﬂ<w+y,y>i22< y) = Lar(w +y.y)Lua(w.y))

of the operator algebra is called the determinant element.

Theorem 9.4 ([FV1]). The determinant element ]/)a(w,y) is a central element of the operator
algebra. It acts on V, as multiplication by

ﬁ w—2z+y

5 W — z; .

i=1

9.7. Vectors ¢; as eigenvectors. We are interested in the action of the generating series
Los(w,y) on V(z1) ® -+~ @ V(2y).

Proposition 9.5. Consider the vector & defined in (12) as an element of V(z1) @ ... ® V(zy).
Then

~ w — z;
L22<w> y)fl = H o— o —u

iel i~ Y

&1

Proof. The statement follows by direct calculation for I™". For the other &; it follows from
Proposition 7.6 and Lemma 9.3. U

By Proposition 9.5,

Z22,0(w>y) & =&
By Corollary 7.4 the vectors {; form a basis of the £, (. )-module V(z) ® ... ® V(2,). For any

C=2iAzy)é € V(a)®... Q0 V(z) ® L,y we have Lago(w,y)¢ = 3, fr + v, 2, v)ér.
Hence Logo(w,y) is invertible and

E22,0(w7 y)_lc = Z fl()‘ - Y,z ?J)f]
I

The invertibility of La(w,y) ! allows us to invert the generating series Ly (w, y) and define the
generating series Ly (w,y) ™! such that Log(w,y) ' Lao(w,y) = Id.

9.8. Gelfand-Zetlin algebra. We define the Gelfand-Zetlin algebra B of the E (912) module

Va=V(z)®...® V(zn) as the unital commutative algebra generated by Las(w,y), Det(w, y),
Logo(w,y), and Cly*!]. Here C[y*'] is the algebra of Laurent polynomials in y. More precisely,
we expand

L22 (w,y) ZL225 5, Det (w,u) ZDet
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and define the Gelfand-Zetlin algebra B of Vi as the unital commutative algebra generated by
the operators Las (1), Dety(y), s € Z>o, Lasg(w,y)~", and C[y*!].

The Gelfand-Zetlin algebra preserves the Subspaces (V(z1) ® ... @ V(2p))g. Its restriction to
(V(z1) ® ... ® V(z,))r will be denoted by By.

9.9. Action of off-diagonal entries of the operator algebra. The off-diagonal elements ZMLLQ
and Lo; map different weight subspaces of V(21) ® ... ® V/(z,) into each other.

Proposition 9.6. Let F(w,y) = Ly 0 Ly and E(w,y) = Ly, o Ly. We have

Flw,y)ér = cr Z&_{Z Atw—ztym—2k+1) J] 2

< . Ri T Zs
el sel—{i}
~ glu{z} s — 2 — Y
E = A — - Z
(w,y)ér = cg E - Zz( +w—z —y) |7 | p—
iel sel—{i}

O+ (n=2k—4)y) O\t (n—k—3)y)
Y O (n2k—3)y) 0t (n—k—d)y) °

Proof. The proof is by straightforward calculation, cf. [GRTV, Theorem 4.16] and [RTV2, The-
orem 11.8]. O

where cp = —y and cgp =

Notice that the action of le(w,y) on the elements &; can be recovered from the actions of
Det(w, y)u L1,2(w7y)7 LQ,I(U}J y)7 L2,2<w7 y)a see (17)

10. ACTION OF DYNAMICAL QUANTUM GROUP ON COHOMOLOGY

10.1. Action of Gelfand-Zetlin algebra on cohomology. Recall the spaces
V() ®...0 V() = (CH*"® L (), Hi(xXD) ® L (zy)

Since V(21) ® ... ® V(z,) is an E,(gl,)-module, the isomorphism

Stabid : V(Zl) R... & V(Zn) — H;«(Xg) & ﬁ)\’(z,y), 1[ — Kid, I,
of free Ly (»,)-modules induces on Hj(XT) ® L (2, a structure on an E,(gl,)-module. In this
section we describe the E,(gl,)-action on Hj(X) ® Ly (5,). We start with the action of the
Gelfand-Zetlin algebra B, which preserve the subspaces (V(21) @ ... @ V(2,))r CV(21) ® ... ®
V(zn).

Recall that the operator § acts on HA(T Gr(C")) ® Ly (z,) by the formula
0[Nz = [f0+y, v zy)]  for [f(A\ 7, 2,y)] € Hy(T Gr(C")) @ La(zy)-

Proposition 10.1. For any k and ¢ € (V(z1) ® ... ® V(2,))r we have

Ck
Hu -5 - Stabya(0),
W=y

~ w— 2 +y
_H w — z;

Stabiq <L22 w,y C)

Stabig (Det (w, ) g) - Stabya(C).
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Proof. The statement follows from Section 9.7. U

Consider the expansions
k n
W — M, —s W=z +y
a87117"'771,k7yw ) b Zy
1,20, -2 e S

Lemma 10.2. The elements as(y11,-- .,k Y), S € Z>o, generate the Cly*'|-module
Clhyias - 114 @Cly*] and the elements by(2,y), s € Zsq, generate the Cly*']-module C[z]*®
Cly™']. O

The subalgebra
Hy,p, ox (T7Gri(C") @ Cly™'] € HA(T Gri(C")) ® Li(ay)
acts on Hi (T Gry(C")) ® L) (5, by multiplication.
Theorem 10.3. The map
(18) a: Los(y) = las(Ty)] -6, Dety(y) = [bu(z,9)], s € Lo,

defines an isomorphism of the Gelfand-Zetlin algebra By acting on (V(z1) ® ... ® V(z,))x and
the algebra HE; (T Gr(C")) @ Cly*!] @ C[0%!] acting on Hj(T Gri(C")) ® Ly (z)-
Consider H (T Gri(C")® Ly (z,y) as an HEp oo (T*Gr(C™)) @ClyT ] @C[6*]-module. Then
the isomorphisms
a B — Hip (T'Gr(C") ® Cly*'] @ C[6*],
Stabig : (V(21) ®... @V (22))k — Hp(T Gri(C") @ L (2

define an isomorphism of the B-module (V(21) @ ... @V (zn)) and the Hf, .« (T"Gr(CY)) ®
Cly*!] ® C[6*!]-module H: (T Gr (C")) ® ,C,\7(z7y).
Proof. The theorem follows from Proposition 10.1 and Lemma 10.2. O

10.2. Action of E,(gl,) on cohomology. The actions of the off-diagonal entries of the operator
algebra can be interpreted as actions on the cohomology of the Grassmannians. Namely, for
L= (105 Y0k 72,05 5 Y2m—k)
denote
I = (Y11, o M1, Y2, V20 -+ s V2 - - - V21
and
T = (Yits ey Fiis o s VA1 Vi V21 - < -5 V21

Here the ™ sign means omission.
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Proposition 10.4. Conjugated by the Stabyy isomorphism, the series F(w) and E(w) act as
F(w) : Hp(T* Gry C") @ L () = Hip(T* Gr_1 C") @ L (2.

T, z,y)] =

n—k+1 k=1
ANz II= (2 — 75— v)
[(—1 cr Z u()\er Youi +y(n — 2k + 1)) ]nlkH ’ ,
W — Y ITi= (2 — 225)
and )
E(w) : H;«(T* Gry, Cn) & ‘C/\,(Z,y) — H;(T* Gl"k_H Cn) & ‘CA,(Z,y)
[fAT, z,9)] =
k1, N -2y, 2,y) = (2 =i — )
( 1 Z (>\+w_’71,z—y) k+1 )
W — Y1, HJ 1”51(713 ’Yl,i)
respectively.

Proof. The formulas follow from the explicit descriptions of the actions of F'(w) and F(w) actions
in Section 9.9, as well as the descriptions of Stab;q and its inverse in Sections 6.1 and 8. O

The actions of Lii(w,y), Lia2(w,y), Lai(w,y) on Hi(T Gr(C")) @ Ly (s, can be recovered
from the actions of the Gelfand-Zetlin algebra and the series F'(w), E(w).

Remark 10.5. Similarly to [RSTV, Appendix], the formulas of Proposition 10.4 can be inter-
preted as geometric correspondences (pull-back-push-forward maps).

10.3. Submodules. Consider the subspace
Hep, wex (T"Gri(C") ® Ly ® Cly™'] € Hi(T"Gr(C") @ L (2.
Lemma 10.6. The space
HgL X(CX( Xn) ® Ly ® (C[yﬂ] = B OHZ:L xC* (T*Grk(Cn)) R Lry ® C[?Jil]
is an E,(gly)-submodule of the E,(gly)-module Hi(X,) ® Ly (z,y)-

Proof. The lemma follows from Proposition 10.1 and Proposition 10.4. O
Consider the subspace Vi, C (V(21) ® ... ® V(z,)) of all elements of the form

Z SO zI’Z y I where f(\,T,z2,y) € C[[]%*5* @ C[z]" ® Ly, @ Cly*'].

1€,
Set

V=&, _ Vi CV(xn)®...0 V(z,).
Lemma 10.7. The space V is an E,(gl,)-submodule of the E,(gl,)-module V(z1) ® ... @V (z,).
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Proof. The lemma follows from Lemma 10.6 and the fact that the isomorphism v in (13) identifies

HéLnX(CX (T*Grk((C“)) R Ly ® Cly*'] and V. O

Remark 10.8. Notice that V is invariant with respect to the S,-action of Proposition 7.10. The
space V is the analog of the spaces -V~ in [GRTV] and [RTV2].

Corollary 10.9. The isomorphisms o« and Stabyy of Theorem 10.3 induce an isomorphism
of the E,(gly)-modules V and the E,(gly)-module H} (X,) @ Ly, ® Cly*], as well as

GLpxC*
an isomorphism of the Bg-module Vy; and the HgLanX(T*Grk((Cn)) ® Cly*'] ® C[6*!]-module
Hyyp o ox (T"Gr(C) @ Ly @ Cly™].

Proof. The corollary follows from Theorem 10.3, Proposition 10.4, Lemma 10.6, Lemma 10.7. [
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