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ABSTRACT. We interpret the equivariant cohomology algebra Hp; . c.(T*Fa;C) of the
cotangent bundle of a partial flag variety F» parametrizing chains of subspaces 0 = Fy C
F, C---C Fy=C" dimF;/F,_1 = \;, as the Yangian Bethe algebra B“(%V;) of the
gly-weight subspace %V; of aY(gly)-module %V‘. Under this identification the dynamical
connection of [TV1] turns into the quantum connection of [BMO] if Fj is the full flag variety.
For an arbitrary A, we conjecture a description of the small quantum equivariant cohomology
algebra of the cotangent bundle T*F, as the Yangian Bethe algebra Bq(%V; ).

1. INTRODUCTION

A Bethe algebra of a quantum integrable model is a commutative algebra of linear op-
erators (Hamiltonians) acting on the space of states of the model. An interesting problem
is to describe the Bethe algebra as the algebra of functions on a suitable scheme. Such a
description can be considered as an instance of the geometric Langlands correspondence, see
IMTV2, MTV3]. The gly XXX model is an example of a quantum integrable model. The
Bethe algebra B? of the XXX model is a commutative subalgebra of the Yangian Y(gly).
The algebra B? depends on the parameters ¢ = (qq, . .., qy) € CV. Having a Y (gly)-module
M, one obtains the commutative subalgebra BY(M) C End(M) as the image of B9 The
geometric interpretation of the algebra BY(M) as the algebra of functions on a scheme leads
to interesting objects, see for example, [MTV4].

In this paper we consider an extension of the Yangian Y(gly), denoted Y(gly), which
is a subalgebra of Y(gly) ® Clh|, and we work with the corresponding Bethe subalgebra

B C Y(gly).
One of the most interesting Yangian modules is the vector space V = V® Clz,...,
Zn, h] of V-valued polynomials in z,...,z,, where V = (CM)®" is the tensor power of

the standard vector representation of gly. We introduce on V two Yangian actions, called
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¢*, and two actions of the symmetric group S,, called Si-actions. The Yangian action
¢t commutes with the S'-action. Hence, the subspace V* C V of Sf-invariants is a
Yangian module. Similarly, the Yangian action ¢~ commutes with the S, -action. Hence,
the subspace V~ C V of S, -skew-invariants is a Yangian module. The Yangian module
structure on V™ induces a Yangian module structure on %V‘ = {% f | feV} where

D =[licicjen(2i — zj + h). The Bethe algebra B preserves the gly-weight decompositions
V=@, Vi and 3V =@, 5Vx, A= (M1,....Av) € Z5;, [A| =n.

In this paper we study the limit of the algebras g‘](V;\“), gq(%V/\_) as ¢ tends to infinity
so that ¢;41/¢; —» 0 foralli=1,..., N —1, and ¢y = 1. We show that in this limit each of
the Bethe algebras B>(VY), B>(5Vy) can be identified with the algebra of the equivariant

cohomology Hy := H¢p - (17 Fx; C) of the cotangent bundle of the partial flag variety JFx
parametrizing chains of subspaces

O=F CF C...CFy=C0C" dim F;/F;_1 = \; .

More precisely, we construct an algebra isomorphism 3 : Hx — IPS’VOO(V;\r ) and a vector
space isomorphism vy : Hy — V5, which identify the goo(v;\’)—nlodule Vi with the action
of the algebra Hy on itself by multiplication operators, see Theorem 5.4. Similarly, we
construct an algebra isomorphism p, : Hy — gm(%V; ) and a vector space isomorphism
vy« Hx — 5Vy, which identify the goo(%V; )-module £V with the action of the algebra
Hjy on itself by multiplication operators, see Theorem 5.6.

In Section 6, using the discrete Wronskian determinant we introduce an algebra H; and
construct vector space isomorphisms p% @ Hi — VY, pi @ Hi — LV5 and algebra
isomorphisms 4T : HI — BVY), viT: HL — E(%V; ). The isomorphisms %" and
vT¥ identify the BY(Vy)-module Vi and the regular representation of 74, see Theorem 6.3.
Similarly, the isomorphisms p§ and vy identify the gq(%\); )-module V5 and the regular
representation of 7%, see Theorem 6.5. In particular, the algebras BY(V5) and B (5V5)
are isomorphic, and the B?(V{)-module Vy is isomorphic to the gq(%V; )-module £V

Under the isomorphisms vy : Hy — V' and vy : Hx — 5V~ the subalgebras B4(V3) and
gq(%l/; ) induce respectively commutative subalgebras g§+ and ggf of End(Hy). In Section

8 we describe the subalgebra gff for the special case N = n and A = (1,...,1). Namely,
we describe the preimages under I/;\t of the dynamical Hamiltonians ¢*(X7), i =1,...,n,

which are generating elements of the Bethe algebras B(V), goo(%V; ). We give a formula

for the corresponding elements of gg\i in terms of appropriate actions of the degenerate affine
Hecke algebra on Hy, see Theorem 8.5.

One may expect that for arbitrary N, n and A the subalgebras B+ and B9~ are related to
the algebra of quantum multiplication on Hy. In [BMO], the quantum multiplication on Hj
was calculated for N =mn and A = (1,...,1). Our Theorem 8.5 and Section 8.4 show that
for N =n and XA = (1,...,1) the algebra B? is the algebra of quantum multiplication. We
conjecture a similar statement for arbitrary A in Section 7. Namely, we introduce a deformed
multiplication on Hy for any A in terms of representation theory and conjecture that the
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deformed multiplication is the quantum multiplication. The quantum multiplication on Hy
for arbitrary A is not known to us yet.

In more general terms, our identification of the quantum multiplication on Hy for N =n
and A = (1,...,1) and the Yangian Bethe algebra B?~ indicates a relation between quantum
integrable chain models and quantum cohomology algebras. That relation was discussed in
physics literature in recent works by Nekrasov and Shatashvili, see for example [NS].

__The identification of the quantum multiplication on Hx and the Yangian Bethe algebra
B1~ gives a relation between interesting objects in both theories. For example, the eigenvec-
tors of the Bethe algebra is the main object of the XXX model and finding eigenvectors is
the subject of the highly developed Bethe ansatz theory. Under the above identification the
eigenvectors correspond to idempotents of the quantum multiplication and the idempotents
are an important object in the theory of Frobenius manifolds, see [D]. According to the
above identification we can find the idempotents of the quantum cohomology algebra by the
XXX Bethe ansatz, see an example in Section 8.4.

The above identification brings another interesting relation. Namely, Theorem 8.5 shows
that the isomorphism v identifies the trigonometric dynamical connection of [TV1] with
the quantum connection of [BMO]. It is known that the flat sections of the trigonometric
dynamical connection are given by multidimensional hypergeometric integrals, see [TV1,
MV, SV], cf. [TV2]. These hypergeometric integrals provide flat sections of the quantum
connection of [BMO] by Theorem 8.5. This presentation of flat sections of the quantum
connection as hypergeometric integrals is in the spirit of mirror symmetry, see Candelas et
al. [COGP], Givental [G1, G2|, and [BCK, BCKS, GKLO, I, JK], see also an example in
Section 8.4.

The results of this paper are parallel to the results of paper [RSTV], where we consider
the Bethe subalgebra of U(gly[t]) instead of the Bethe algebra of Y(gly).

In Section 2 we discuss the spaces V' and %V‘. In Section 3 we define Bethe algebras. In
Section 4 we introduce and study Yangian actions on V* and %V*. In Section 5 we describe

the relations of the Bethe algebras B(Vy), EOO(%V; ) and the equivariant cohomology
of partial flag varieties. In particular we identify the Shapovalov pairing on V with the
Poincare pairing on _Hy, see Propositions 5.2 and 5.3. In Section 6 we describe the Bethe
algebras BY(VY), Bi(5Vy) and the relevant deformation Hj of Hx. In Section 7 we
introduce the deformed multiplication on Hy and formulate the conjecture that the deformed
multiplication on Hj is the quantum multiplication. In Section 8 we prove the conjecture
for N=nand A= (1,...,1).

The fourth author thanks the Hausdorff Research Institute for Mathematics and Institut
des Hautes Etudes Scientifiques for hospitality.

2. SPACES V' AND SV~

2.1. Lie algebra gly. Lete;;, 7,5 =1,..., N, be the standard generators of the Lie algebra
gl satisfying the relations [e; ;, exi| = 0; r€i1—0i 1€k, ;. We denote by h C gl the subalgebra
generated by e;;, ¢ = 1,...,N. For a Lie algebra g, we denote by U(g) the universal
enveloping algebra of g.
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A vector v of a gly-module M has weight A = (A\y,...,A\y) € CN if e; ;0 = \v for i = 1,
..., N. We denote by My C M the weight subspace of weight A.

Let CV be the standard vector representation of gl with basis vy, ..., vy such that e; juj, =
d;rv; for all 4,7, k. A tensor power V = (CN)®" of the vector representation has a basis
given by the vectors v;, ® ... ® v;,, where i; € {1,..., N}. Every such sequence (i1,...,1i,)
defines a decomposition I = (I3, ..., Iy) of {1,...,n} into disjoint subsets Iy, ..., [y, where
I; = {k | i, = j}. We denote the basis vector v;, ® ... ® v;, by vy.

Let V = @ V)\

)\EZgO, [Al=n

be the weight decomposition. Denote Z the set of all indices I with |I;| = \;, j=1,...N.
The vectors {v;, I € Z,} form a basis of V. The dimension of Vy equals the multinomial

. |
coefficient dy := /\1,”—/\]\/,

Let S be the bilinear form on V' such that the basis {v;} is orthonormal. We call S the
Shapovalov form.

2.2. S,-actions. Define an action of the symmetric group S, on Zx. Let I = (Iy,...,
In) € Iy, where I; = {iy,...,i5,} C {1,...,n}. For o0 € S,, define o(I) = (o(L1),...,
o(Iy)), where (1) = {o(i1),...,0(is,)}.

Let P9 be the permutation of the i-th and j-th factors of V' = (CV)®". Define two
Sp-actions on V-valued functions of z1,. .., z,, h, called SF-actions. For the S -action, the
i-th elementary transposition s; € S, acts by the formula:

Zi — Zj P(i’iJrl) —h
(21) Si:f(zla"‘7zn7h) = ( ;1) 21 f(zla'"7Zi+lazi7"'7zn7h) +
T <t

h
+ ——— f(21,- - Zis Zitds - oo Zny B)
Zi — Zit1

For the S -action, the i-th elementary transposition s; € .S,, acts by the formula:

(Zi o Zi—i—l) P(i,i—i—l) + h

(2.2) sit flz1,. 0, 20, h) — Po— f(z1,- s Zit1, Ziy e ooy Zny h) —
— ZE_LZZH f(z1y oy Zis Ziety oo oy Zny B)
Lemma 2.1. The SE-actions (2.1) and (2.2) are well-defined. O
Define operators 37,...,55 | acting on V-valued functions of zy, ..., z,,h by

(2.3) Ef(21,. .. 2, h) = (2 _;lilif:fz::r: i f(z1, ooy Zint, Zis e ooy Zny B)

Lemma 2.2. The assignment s; — 5;, i =1,...,n— 1, defines an action of S,. ([l
Lemma 2.3. The assignment s; — 5, , i =1,...,n—1, defines an action of S,. O
Lemma 2.4. The function f(z1,...,2n, h) is invariant with respect to the S; -action (resp.

S—-action) if and only if f=3'f (resp. f=35;f) foreveryi=1,....,n— 1. O



COHOMOLOGY OF A FLAG VARIETY AS A YANGIAN BETHE ALGEBRA 5

Define operators 5i,...,5,_1 acting on functions of zy,...,2,,h by

Zi — Zi+1 +h

(2.4) §5f(21, .y 2, ) = f(z15 oy Zie1y Ziy e ooy 20y h) F
Zp T R
h
+ — f(zlv"'azivzi-i-la---72n7h>
Zi — Zit1
Lemma 2.5. The assignment s; — 8, i =1,...,n— 1, defines an action of S,. 0
Lemma 2.6. The assignment s;+— 5, , i1 =1,...,n—1, defines an action of S,,. 0
Let f(z1,...,2n,h) be a V-valued function with coordinates { f;(z1,..., 2zn, h)}:
f(z1,.. o 20, h) = Z fr(z1, ...y zn, h) vy
I
Lemma 2.7. The function f(z1,...,zn, h) is invariant with respect to the S -action (resp.
S, -action) if and only if fouy = 6~ fr (resp. foay = 67 f1) for any I € Iy and any
oeSs,. O
Lemma 2.8. The function f(z1,...,2n, h) is skew-invariant with respect to the S;-action
(resp. S, -action) if and only if fyy = (=1)76%f1 (resp. fory = (=1)767 f1) for any
I €7y and any o € S,,. O
Let D = H (Zi_2j+h>7 D: H (ZJ—ZZ—i—h)
1<i<y<n 1<i<y<n

Lemma 2.9. The function f is skew-invariant with respect to the S, -action (resp. S, -
action) if and only if the function %f (resp. %f} is invariant with respect to the S -action
(resp. S, -action). O
2.3. Spaces V', 2V~ and V. Let V' = (V@ Clz,..., 2, h))S* be the space of ;-
invariant V-valued polynomials. Let %V: be the space of S; -invariant V-valued functions
of the form %f, f€V®&C[z,..., 2, h]. Let 5V be the space of S, -invariant V-valued
functions of the form 5f, f € V®Clz,..., 2, k. All VT, %V: and £V~ are Clz, ...,
2,]%" @ C[h]-modules.

The S*-actions on V ® Clzy, ..., 2,, h] commute with the gly-action. Hence VT, %V:
and %V‘ are gly-modules. Consider the gly-weight decompositions
Vh= @ Vi, v = @ vx. W= @ .
ezl Aezly ezl
[Al=n IAl=n [Al=n

Define a partial ordering on subsets of {1,...,n} of the same cardinality. Say A < B if
A={a <...<a;}, B={by <...<b;},and a; <b; forall j=1,... 4.

Fix A= (A\,...,Ay) € Zso, |A| =n. For I,J €Iy, say I < J if I, = J, for k=1,
..., 1 —1 with some [, and I; < J;. Define ™", ™3 c 7, by
(2.5) o= (o o L ), L {n= A+ 1)),

s = ({n—)\1+1,...;n}a{n_)\l_)\2+17'--an_)‘1}7 7{17"")\N})'
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Clearly, I™" < I < 1™ for any I € Zy.
Given [ € Z,, denote

(2.6) T I G-—5+w.

1<a<b<N i€l, jEI,

For any function f(z1,...,2n,h), set f(z1,..., 20, h) = f(2Zn,..., 21, h). Let

(27) Q)\(Zla ceey Rny h) = Q(zlmi“) )
so that Qx(21, ..., 2n, h) = Q(z mex).
Define
(2.8) UAE @[zl,...,zn]SMX---XSAN@@C[h] — Vi,
R = o 2 6 veumey
0ESh
(2.9) O : Clat, ..., 2] 7w @ Clhl — V5
_ 1 o
) = S 27 @) v
[ASIe
and
(2.10) Oy 1 Clet, ..., 2] 5w @ ClR] — SV,
1
19_ e a-_ l U min
A0 = S 27 @) v
Lemma 2.10. The maps V5%, 95, and Uy are isomorphisms of the Clzy,...,2,]%"® C[h]-

module Clz,. .., 2,) 9w @ C[h] with the Clzy,...,2,]% & C[h]- modules Vi, Vs
and %V; , respectively.

Proof. The operators 6%, o € S, preserve Clzy,...,z,,h]. Thus 95(f) = >, frvr, and
fr € Clz1,..., 25, h] for any I. Moreover, f, = 6*f; for any o € S,, and fime = f.
Hence, the map 3 is well-defined by Lemma 2.7. If g € VY, g = >, grvy, then g =
U5 (§rmax) by Lemma 2.7, so 9% is an isomorphism.

The proof for the cases of U5 and 9y are similar because the operators 6%, o € S,

preserve the localized algebra Cl[zy, ..., zy,, h, Dil] , and the operators 67, o € S5, preserve
the localized algebra Clzy,...,2,,h, D71, O
It is known in Schubert calculus that Clz, ..., 2,9~ is a free Clz, ..., z,]-module

of rank dy. This yields that for any A, the subspaces VY, %V; and %V; are free Cl[zy,
2] %" @ C[h]-modules of rank dy.

The Shapovalov form S on V' induces a pairing
(2.11) (V&Clz,...,20,h]) @ (VRClzy, ..., 2n,h]) = Clz1, ..., 20, h]

denoted by the same letter.



COHOMOLOGY OF A FLAG VARIETY AS A YANGIAN BETHE ALGEBRA 7

Lemma 2.11. The pairing (2.11) induces a pairing
(2.12) Ve LV~ — Clzi, ..., 2,) " ® C[h].

Proof. For any f € V' and g € 5V, the scalar function S(f, g) is a symmetric function of
21, ..., %, With possible poles only at the hyperplanes z; —2; +h = 0for 1 <i < j < n.
Since this arrangement of hyperplanes is not invariant under the permutations of zy,.. ., z,,
the poles are absent. O

Lemma 2.12. For any X, the pairing V5 ® $V5x — Clzi,..., 2,]% @ C[h], induced by

pairing (2.12), is surjective.
Lemma 2.12 is proved in Section 4.1

The pairing (2.11) also induces a pairing

(2.13) FV=® 5V = Z7'Clar,..., 2" ®@ C[h],
where n
(2.14) =[] zi—z+h).

7,j=1

1#]

The pairing (2.12) and (2.13) will also be denoted by S.

Lemma 2.13. The pairings (2.12) and (2.13) are nondegenerate. That is, if S(f,g) =0
for a given f € V" and every g € %V‘, then f = 0. And similarly, for all other possible
Cases. 0

2.4. Vectors &5. Fix A= (Ay,...,An) € Zso, |A| =n. Given I € T, denote
(2.15) Rizp)= [ TI1I¢G
1<a<b<N i€l, jel,

Proposition 2.14. There exist unique elements {£f € V& Clz1, ..., 2y, h, D7 | 1€}
such that &, = vymin and

(2.16) &b =57 ¢
for every I € Iy and 1 =1,...,n—1. Moreover,
(2.17) g => Xfuy,
J<I

where XZFJ € Clz,..., 20, h, D7, X]f] #£0, and

R(z[max)
218 X+max max — ~, -
( ) Jmax | Q(Z[max)

For example, if N =n =2 and A= (1,1), then ], (21,2,h) =vaz and
29— 2 h
6(2,1)(Zl>22’ h) = — = V1) +————— V12 -

22—21+h ’ 22—21+h
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Proposition 2.15. There exist unique elements {£; € VR Clzy,..., 2,0, h, DY | I € Iy}
such that & max = Vymax and

(2.19) oy = 5i &1
for every I € Iy and 1 =1,...,n—1. Moreover,
(2.20) &= Xy,
J=I

where X;; € Clz1, ..., 20, h, D™, X #0, and

_ R(ijm)
22]— X min Jmin — A~/ N *
( ) I 7I Q(zlmin)

Proof of Propositions 2.14, 2.15. Proposition 2.14 follows from formula (2.3) and Lemma
2.2. Notice that 8 vimm = vymn if and only if s;(/™®) = [™®  Similarly, Proposition 2.15
follows from formula (2.3) and Lemma 2.3. O

For example, if N =n =2 and A= (1,1), then 5(72’1)(21,22, h) = v(21) and

21— & h
1 2 e,

1 Y 7h = ¢
6(1’2)(21 22 h) 21—z +h Va2 21—z +h

Let fi(z1,...,2n,h), I €Iy, be a collection of scalar functions.

Lemma 2.16. The V-valued function >, fr(z1,..., 20, h) & (resp. Yorfi(z, oz h) €S ) ,
is invariant with respect to the S;-action (resp. S, -action) if and only if

Jfoy (215 s 2nh) = fr(zo0, - 20,, P)
forany I € Iy and any o € S,. O
Proposition 2.17. For any f € Clzy, ..., 2] ® C[h], we have

(2.22) INUEDS f<z[é2g(z1) &,
(229 5 =Y L,
(2.24) DL éz(;’j;) & .

Proof. By formulae (2.17), (2.18), we have 95 (f) = >, cr&f for some coefficients ¢y, and
Crmax = f(Zpmax, h) Q(2Zmax)/R(Zmax ). Now formulae (2.22), (2.23) follow from Lemma 2.16.

Formula (2.24) follows similarly from formulae (2.20), (2.21), and Lemma 2.16. O
Theorem 2.18. For I,J € Iy, we have
_ R(z
(2.25) S 65) = 6ra 2
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Proof. It I = I™™ or J = [™> the claim follows from formulae (2.17)—(2.21). Then
formula (2.25) extends to arbitrary I,J € Zy by properties (2.16), (2.19). O

2.5. Distinguished elements vy, vy, and vy. Let vf = ZIGI vr. Clearly, vi € Vtn
SV5. Moreover, v = 95(1), v} = 95(Qx) and vy = ¥5(Qx), where Qx is given by
(2.7).

Denote vy =95(1) € V5 and vy =95 (1) € V5 . By Proposition 2.17 we have

(2.26) -3 7 Q -3 ey Q 51 |
(2.27) vy = Z = = R

I€Tx
Lemma 2.19. The vector vy belongs to the irreducible gly-submodule of V of highest weight
(n,0,...,0), generated by the vector v1® ... R vy.

Lemma 2.20 ([RTVZ]). The functions vy and vy are singular vectors with respect to the
pointwise gly-action on V.

Notice that the functions v, and vy under certain conditions become quantized conformal
blocks and satisfy qKZ equations with respect to z1, ..., z,, see [RTVZ], cf. [V, RV, RSV].

3. BETHE SUBALGEBRAS

3.1. Yangian Y(gly). The Yangian Y(gly) is the unital associative algebra with generators
TZ{JS} for i,7=1,...,N, s € Z~q, subject to relations

(3.1) (u—v)[Ti;(w), Tii(v)] = Thj(v) Tii(u) — Tp j(w) T (v) i, k,l=1,...,N,

where

w) =i+ Y T u,
s=1

Let T(u) =3~ _| B ;®T, (u), where E; ;€ End(C") is the image of e; ; € gly. Relations

2,7=1
(3.1) can be written as the equality of series with coefficients in End(CY® CV) ® Y(gly) :

(3.2) (u—v+PI)TO ()T () = T () TV () (u — v+ PH),

where P12 is the permutation of the CV factors, TW (u) = Zﬁ\szl E;®1®T,;(u) and
TO(w) =1®T(u).

The Yangian Y(gly) is a Hopf algebra with the coproduct A : Y(gly) — Y(gly) @ Y(gly)
given by A(T;;(u)) = SN Trj(u) @ Typ(u) for i, = 1,...,N. The Yangian Y(gly)

contains U(gly) as a Hopf subalgebra, the embedding given by e; ; — T{l}.
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Notice that [TZ{;},T,C{‘;}} = 5i,lT]jfj} — 5jﬁleff} for i,7,k,l =1,...,N, s € Z~q, which
implies that the Yangian Y(gly) is generated by the elements Tz{ﬁl, Tz{ﬁw i=1,...,N—1,
and Tl{j}, s > 0.

The assignment

(3.3) o T Tl i,j=1,...,N, s>0,

27] J7Z ’

defines a Hopf anti-automorphism of the Yangian Y (gly).

More information on the Yangian Y(gly) can be found in [M]. Notice that the series
T; j(u) here corresponds to the series 7} ;(u) in [M].

3.2. Bethe algebra. For p=1,... N, ¢ ={1<i1 <---<i, <N}, j={1<ji<--- <
Jp < N}, define

MZvJ (u> = Z (_1)0 7—17;17.7'0'(1) (u) tee j-lipv.jo'(p) (u - p + 1) *

o€Sp

For i = {1,..., N}, the series M; ;(u) is called the quantum determinant and denoted by
qdet T'(u). Its coefficients generate the center of the Yangian Y(gly).

We have
(3.4) A(M; j(u)) = > Mii(u) ® Mig(u),

k={1<ki<-<kp<N}

see, for example, [NT, Proposition 1.11] or [MTV1, Lemma 4.3]. Notice that the Yangian
coproduct used here is opposite to that used in [NT]. We also have

(3.5) @ (M j(u) = Mji(u),

see, for example, [NT, Lemma 1.5].
For ¢ = (q1,...,qv) € (C*)Y and p=1,..., N, define

(3.6) Bi(u) = > G, - Qi Mii(u) = op(qr,....qn) + Y Blu™,
s=1

i={1<i1 < <ip<N}

where o, is the p-th elementary symmetric function and B!, € Y(gly). Let B1C Y(gly)
be the unital subalgebra generated by the elements B! , p=1,...,N, s > 0. It is easy
to see that the subalgebra B9 does not change if all ¢y, ..., gy are multiplied simultaneously
by the same number. The algebra BY is called a Bethe subalgebra of Y(gly).

Theorem 3.1 ([KS]). The subalgebra B9 is commutative and commutes with the subalgebra
U(h) < Y(gly). m

The series B/ (u) depends polynomially on ¢q,...,qy. Let ¢ tend to infinity so that
¢iv1/q; — 0 forall i =1,...,N —1, and gy = 1. In this limit,

(3.7) Bi(u) = qi...qp (M;s(u) +o0(1)), t={1,...,p}.
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Introduce the elements B)S € Y(gly), p=1,..., N, s € Zsg, by the formula

(3.8) Mii(u) = 1+> BXu™, i={l,...,p}.
s=1

Let B> C Y(gly) be the unital subalgebra generated by the elements By, p=1,..., N,
s > 0. The algebra B is called a Gelfand-Zetlin subalgebra of Y(gly). It has been studied
in [NT].

The subalgebra B> is commutative by Theorem 3.1. Since B>q = T; 1{11} +...+ Tp{,}g} for

p,1
p=1,..., N, the subalgebra B> contains the subalgebra U(h) C Y(gly).
Assume that ¢q,..., gy are distinct numbers. Define the elements st € B? for i =1,

...,N, s € Z~q, by the rule

N N
_ —p 1
(3.9) St,= > (-1 B g ]
p=1

i Y ’
so that J#
1 N oo N oo 4
D I NEITTRETED 3 pECE A
i=1 4 p=1 s=1 i=1 s=1 qi
In particular,
N
_ {1} _ {2} 4 {1} {1} {1} {1} {1}
(3-10) Sﬁl - Tzz ) Sﬁ2 - Tzz - Z o (Tzz T]] _Ti,j ng +Tj,j )
=1 qi — gj
J#
Lemma 3.2. For distinct numbers qi,...,qn, the subalgebra B? contains the subalgebra
Uh) C Y(gly). O

Lemma 3.3. Let qiy1/qi — 0 foralli=1,...,N—1. Then S}, — BX— B>, fori=1,
.., N, where Bg, = 0.

Proof. Write formula (3.9) as

N qiipil i—1 1 N 1
Siqs — (_1)p—i hs—l qu 3 - -
’ pz; PP g g ]1;[1 1—q/q; jl;[rl 1—q;/q
Now the claim follows from formulae (3.7), (3.8). O

Lemma 3.4. For any X € B9, we have w(X) = X, and for any X € B>, we have
w(X)=X.

Proof. By formulae (3.5)—(3.8), see also [MTV1, Proposition 4.11], for any p = 1,..., N
and s > 0, we have w(B{ ) = Bl and w(By3) = B, Since the algebras B? and B> are
commutative, the statement follows. 0]

As a subalgebra of Y(gly), the Bethe algebra B? acts on any Y(gly)-module M. Since
B? commutes with U(h), it preserves the weight subspaces My. If L C M is a B%invariant
subspace, then the image of B7in End(L) will be called the Bethe algebra of L and denoted
by Bi(L).
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3.3. Algebras Y(gly), B% B>. Let Y(gly) be the subalgebra of Y(gly) @ C[h] generated
over C by C[h] and the elements hsflT;Ej} for i, =1,...,N, s > 0. Equivalently, the
subalgebra Y (gly) is generated over C by C[h] and the elements Tl{zlil, Tl{ﬂl, i=1,...,
N—1, and T, s> 0.

Let B9 (resp. B>) be the subalgebra of Y (gly) ® C[h] generated over C by Clh] and the
clements h*~' B (vesp. h*~'Bp%) for p=1,...,N, s> 0. It is casy to see that B and
B°° are subalgebras of Y(gly).

Introduce the series Ai(u),..., Ay(u), E1(u),..., Exn_1(u), Fi(u),..., Fxn_1(u):

(3.11) Ay(u) = M;;(u/h) = 1+Z h® B u™*
1 -1 - s—1 —s
(3.12) Ey(u) = h' M i(u/h) (Mii(u/h) ™ =D W Epou,
s=1
Fy(u) = b7 (Mia(u/h) ™ Mig(u/h) = 3" W7 Fpou™,
s=1
where 2 ={1,...,p}, g={1,....,p—L,p+1}. Observe that E,, TI;{ﬂp, F,, :Tz;{;];rl

and B} = Tl{j}, so the coefficients of the series Ej(u), Fj(u) and h™*(A,(u) — 1) together
with C[h] generate Y (gly).
In what follows we will describe actions of the algebra Y (gly) by using series (3.11), (3.12).
The quotient algebra Y(gly)/(h — 1)Y(gly) is canonically isomorphic to Y(gly). Also,
the quotient algebra ?(g[N) / hf}(g[N) is naturally isomorphic to the universal enveloping
algebra U(gly[t]), the element hs_lTij} projecting to e;; ® t° 1,

3.4. Dynamical Hamiltonians and dynamical connection. Assume that qi,...,qn
are distinct numbers. Define the elements X7, ..., X3, € B? by the rule
h
(3.13) X? = hSf, — =T (T = 1) + n Z T“}T“}
) 2 ) ) Z .
J#l
h al q;
= nT2 - STt 1) 4 h Gy
1,1 2 1,1 ( 1,1 )+ ;%,_ i ]
J#i

where S}, is given by (3.10) and
Gy = TV W 7l — pW gy

Here the second formula is obtained from the first one by using commutation relations of the
elements T{ }. Taking the limit ¢;1/¢; — 0 for all i =1,..., N — 1, we define the elements
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X®, .. XY € B>,
h
(B14)  XF=hBER-hBZ, - g TU(TY 1) = b (T + 4+ T )

h
3 T (T = 1) = h(Giat . 4 Guama).

cf. Lemma 3.3. We will call the elements X/, X, i =1,..., N, the dynamical Hamiltoni-
ans. Observe that

3.15 X! =X>+h
( ) Z QZ_QJ ’J

— p7

Jj= z+1
Notice that the elements Tl{ll} and G;; belong to the subalgebra U(gly) embedded in

1
TZ{Z} = €4, Gi,j = €,j€5i —€ii = €5i€i; — €.
In addition, we define the elements X/ qi . ¢ 1+ c Ba ,
(3.16) X Xq—hz e”e” hz '6“]],
4 J= z+1
_ —~ g
(317) Xq —Xq—|-h 6zz+h €j,
Z G — g j;l ¢—q
XS S
’L ]7’L+1 q’L q]

It is straightforward to verify that for any nonzero complex number s, the formal differ-
ential operators

(3.18) V: = kg 0

0q;

pairwise commute and, hence, define a flat connection for any ?(g[N)-module.

— X% i=1,...,N,

Lemma 3.5. The connections V* defined by

o ot - 0
9Gi v ’
1=1,...,N, are flat for any k.

(3.19) V{r = K(g;

7

Proof. Connections V¥ are gauge equivalent to connection (3.18),

vi=(©9tviet,  ef= [ a-g/a) e,

1<i<j<n

(3.20) vi=@©)tvie, e = [[ ad-gla)r,

1<i<j<n
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which yields the statement. 0

Connection (3.18) was introduced in [TV1], see also [MTV1], and is called the trigonomet-
ric dynamical connection. The connection is defined over C™ with coordinates ¢y, ..., g,
and has singularities at the union of the diagonals ¢; = ¢;. In the case of a tensor product

of evaluation ?(g[N)—modules, the trigonometric dynamical connection commutes with the
associated qKZ difference connection, see [TV1]. Under the (gly, gl,,) duality, the trigono-
metric dynamical connection and the associated qKZ difference connection are respectively
identified with the trigonometric KZ connection and the dynamical difference connection,
see [TV1].

Notice that the trigonometric dynamical connection in [TV1] differs from the connection
here by a gauge transformation.

4. YANGIAN ACTIONS

4.1. ?(g[N)-actions. Let C[z,...,2n, h] act on VRClzy, ..., z,, h] by multiplication on the
second factor. Set

(4.1) L+(u) = (u — Zn + hP(O’n)) . (u — 21+ hP(O,l)) :
L7(u) = (u=z+hPOY). (u =z +hPO),

where the factors of CN® V are labeled by 0,1,...,n. Both L*(u) and L~ (u) are polyno-
mials in u, 2y, ..., 2,, h with values in End(CN® V). We consider L*(u) as N x N matrices
with End(V) ® Clu, 21, . . ., 2n, h|-valued entries Lftj(u)

Proposition 4.1. The assignments

(4.2) 0*(Tig(u/h)) = Lig(w) [ (w—2)7"

a=1

define the actions ¢+ and ¢~ of the algebra ?(g[N) on V®Clz,...,2,,h]. Here the right-
hand side of (4.2) is a series in u™' with coefficients in End(V) @ Clzy, ..., 2., h].

Proof. The claim follows from relations (3.2) and the Yang-Baxter equation
(4.3) (u—v+hPY) (u+ P (v + RPPY) =
= (v+ AP (u+ hPY)) (4 — v + hPY). O

For both actions ¢*, the subalgebra U(gly) C ?(g[N) acts on V ® Clzy, ..., 2z,, h] in the
standard way: any element x € gl acts as 2 +. .. +2(™ . The actions ¢* clearly commute
with the C[zy, ..., z,, h]-action.

Lemma 4.2. The Yangian actions ¢+ are contravariantly related through the Shapovalov
pairing (2.11):
S(@"(X) f,9) = S(f. 0™ (w(X))g),
for any X € ?(g[N) and any V-valued functions f,q of z1,...,zn, h.
Proof. The claim follows from formulae (3.3), (4.1) and (4.2). O
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Corollary 4.3. For any X € B? or X € goo, and any V-valued functions f,qg of z1,...,

Zn, b, we have
S(¢*(X) f.9) = S(f. ¢ (X)g)

Proof. The claim follows from Lemma 3.4. U

Lemma 4.4. The Yangian action ¢+ (resp. ¢~ ) on V-valued functions of z1,...,zn, h com-
mutes with the S;-action (2.1) (resp. the S, -action (2.2) ).

Proof. The claim follows from the Yang-Baxter equation (4.3) and the fact that the actions
¢* commute with multiplication by functions of z,...,z,, h. 0

By Lemma 4.4, the action ¢' makes the spaces V* and %V: into a ?(g[N)—modules, and
the action ¢~ on V ® Clz1, ..., z,, ] makes the spaces £V~ into a Y (gly)-modules.

Let II € End(V) be the following linear map, (g1 ® ... ® g,) = ¢, ® ... ® g1 for any
g1, .., 9n € CN. For any V-valued function f(z1,...,2,,h) set

(4.4) T f(21, s 20, h) = T(f(2ns .-, 21, h)) -

Lemma 4.5. The map (4.4) induces an isomorphism V= — £V~ of Y (gly)-modules.
Moreover, ﬁvf = v, for any A.

+

Proof. We have II st=35,, Il for every i =1,...,n— 1, where the operators s; are given

by (2.3). Thus by Lemma 2.4, II induces a vector space isomorphism %V: — %V*. Since
(4.5) MeH(X) = ¢ (X) I

for every X € Y(gly), see (4.1), (4.2), I induces an isomorphism of Y (gly)-modules. The
equality IIvy = vy follows from formulae (2.9), (2.10). O

Proposition 4.6. The Y(gly)-module V' is generated by the vector v, & ... ® v;.

Proof. For every A = (\1,...,\y), the subspace Vy is generated by the B>-action on vy,

see Theorem 5.4 in Section 5.3. Since

_ {1}y A=A {1} \AN-1—A {11\ A M1O... Q0
v;\r — ¢+<(T2,1 ) 1=A2 (TN71,1) N-1 N(TN,l) N) ()\1 — )\2)! — ()\Nil — )\N)! A )
the Y(gly)-module V7T is generated by v, & ... ® v. O

Notice that the ?(g[N)—modules V* is not isomorphic to %V: ~ £V~ because for any
homomorphism YV — %V: of SN/(g[N)—modules7 the image of the vector v;®...®wv; belongs

to (11 ®...®v) ®Clz,...,2,)° ® C[h] by the weight reasoning and generates a proper
Y (gly)-submodule of £V=.

Write n = kN +1 for k,l € Zsy, | < N. Set p=(k+1,...,k+1,k,... k) with [ parts
equal to k+ 1 and N — [ parts equal to k.

Proposition 4.7. The ?(g[N)—module %V’ (resp. %V:) is generated by the function v,

(resp. vy, ).
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Proof. For every A = (\q,...,\y), the subspace %V; is generated by the B>-action on
vy, see Theorem 5.6 in Section 5.3. By formula (4.11) below, we have

(4.6) ¢ (R I T \ a2) Uy = (1) Ux—a,

if A\, —Ap41 = —1. Here o, = (0,...,0,1,—1,0,...,0), with p — 1 first zeros. Similarly, by
formula (4.12) below, we have

¢7(hAp+17}\p+1Fp,)\p+1*)\p+2) ’U;\ = (—1))\1)71 /U;—&-Ocp y

if Apy1 —Ap 2 —1. Thus every vy can be obtained from v, by the ?(g[N)—action. This

proves the statement for %V‘. The proof for %V: is similar. O
Proof of Lemma 2.12. Clearly, if the statement holds for A = (A1,..., Ay), then it holds for
A7 = (As1)s- -5 Ao(ny) for any o € Sy. So it suffices to prove the statement assuming that

Al > ... > Ay. Then by (4.6), there is X € Y(gly) such that d(X)vy = ®...Q0 0.
Thus by Lemma 4.2,

SEHX)n®...0u,vy) =S(n®...0uv,¢ (X)vy) = 1. m

Proposition 4.8. The Bethe algebras BI(V), gq(%)/:), and g‘](%V‘) are isomorphic.
Similarly, the Bethe algebras B>(V), goo(%V:), and B’OO(%V—) are isomorphic.

Proof. The statement follows from Corollary 4.3 and Lemma 2.13. For the pairs gq(%V:),
gq(%V’) and goo(%V:), goo(%V*), the algebras are isomorphic by Lemma 4.5 as well. [J
4.2. Y(gly)-actions. Let ¢35 : Y(gly) — End(V) be the homomorphisms obtained from

¢* by taking z; = ... =2, =0 and h = 1. They make the space V into Y (gl )-modules,
respectively denoted by V& The following statement is well known.

Proposition 4.9. The Y (gly)-modules V¥ are irreducible and isomorphic. The isomor-
phism V) — VO s given by the map 11 Q@ ... @y — 2, Q ...z for any z1,. ..,
z, € CN. The modules VF) are contravariantly dual,

S(05(X) f,9) = S(f, ¢0(@(X))g),

for any X € Y(gly) and f,ge V. d
Let J C Clzy,...,2,]°"® C[h] be the ideal generated by the relations h = 1 and (2,
. 2p) =0 forall i =1,...,n, where o; is the i-th elementary symmetric function. The

quotient V =V & Clzy, ..., 20, h] /T(V @ Clzt, ..., 20, h]) =~ V& (Clz1,...,20,h]/T) is a
complex vector space of dimension n! N*. The actions ¢~ make it into Y(gly)-modules
respectively denoted by V(.

Lemma 4.10. The evaluation assignment
(4.7) f(z1,. o0 20,h) — f(0,...,0,1)

defines homomorphisms V) — V&) and V) — V) of Y (gly)-modules. O
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Notice that the Y(gl,)-modules V& are respectively isomorphic to the Y (gly)-modules
VE @ (Clz, . .., 20, h] /J) where the second factor Clzy, ..., z,, h] /T is the trivial Y(gly)-

module with all the generators Tf? acting by zero. However, the isomorphisms are not

given by the identity operator on V ® (Clz1,..., z,, h] /T).
The quotients V*/JVT, %V:/j%V: and %V’/J%V’ are complex vector spaces of

dimension N™. The }7(9[ n)-module structure on the respective spaces V7, %V: %V‘ make
VIV, $V=/T V= and £V /T 5V into Y(gly)-modules,

Theorem 4.11. The assignment (4.7) defines isomorphisms
nt VY gVt s vt g lys g ilys s vin D g Ly g ly 5 v
of Y(gly)-modules.

Proof. Clearly, the maps n*, n~ and 7~ are nonzero homomorphisms of Y(gly)-modules,
see Lemma 4.10. Since the Y (gly)-modules V&) are irreducible and all the spaces V*¥/JVT,
=V=/T5V=, 5V /T 5V and V() have the same dimension, the maps nt, n= and 7~
are isomorphisms. 0

Corollary 4.12. The Shapovalov pairing
(4.8) S VHIVTR LV /TEVT = (Cla,. .., 2,)"® Clh]) /T ~ C

induced by pairing (2.12) is nondegenerate. The Y (gly)-modules V¥ /JVT and £V~ /T 5V~
are contravariantly dual:

S(7(X) f,9) = S(f, 0™ (w(X))g),
for any X € Y(gly) and feVT/JVT, g€ %V*/J%V*. d

Alternatively, the nondegeneracy of pairing (4.8) follows from Lemma 2.11, Proposition
5.2 in Section 5 and the nondegeneracy of the Poincare pairing on Fj.

Corollary 4.13. The Shapovalov pairing
S:FVI/TEV=@ 5V /T HVT = (27 Clar,.. 2@ Clh)) /T = C

induced by pairing (2.13) is nondegenerate. The Y (gly)-modules %V:/j%]}: and
%V_/j%]/_ are contravariantly dual:

S(o"(X) f,9) = S(f, ¢ (@w(X))g),

for any X € Y(gly) and f € %V:/J%V:, gE VTSV ™. O
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4.3. Yangian actions on Eli. Denote
(4.9) AS () = o5 (A(w) . Ey(u) = 67 (By(u) . Ff(u) = ¢ (Fy(u).

Lemma 4.14. The series A% (u) act on V®@Clz1, ..., z,, h] as the operator of multiplication
by 11—, (T+h(u—2z)"").

Proof. For n = 1, the proof is straightforward. For n > 1, the claim follows from the
coproduct formula (3.4) and the n =1 case. O

Corollary 4.15. Fach of the images qﬁi(goo) contains the subalgebra of multiplication op-

erators by symmetric polynomaials in variables zi, ..., z,.

Proof. The elements ¢i(h5_1B]‘§,‘js) € End(V) ® Clz1, .. ., 2, h] have the form > 25t +
hgy,, where g, € End(V) ® Clzy, ..., 2,, h] are symmetric in zy, ..., 2, and have homoge-
neous degree s — 2. The claim follows. U

Theorem 4.16. For each choice of the sign, + or —, we have

(4.10) arwe =g T[T+ ).

a=1 i€l, U=z
+ + é_}g/ Zi — %k + h
(4.11) Efu)éf =Y = ] ———.
, U — % Zi — 2k
1€lpi1 kelpiq
ki
+ + 5% zj—a—h
(4.12) Ffu) & =) 11 ,
- U — zj Zj — 2k
]Elp k‘GIp
k#j

where the sequences I and I are defined as follows: I'=1V=1, for a#p,p+1, and
I'=1L,U{i}, L= Lo —{i}, IJ=1,—{j}, [,=LnU{j}.

Proof. Formulae (4.10) —(4.12) can be obtained from the results of [NT] as a particular case.
Here we outline a partially alternative proof. We consider the case of the plus sign. The
other case can be done similarly.

First observe that by formula (2.16) and Lemma 4.4, it suffices to prove formulae (4.10) -
(4.12) only for I = ™", In this case, formula (4.10) for n > 1 follows from the coproduct
formula (3.4) and the n =1 case of (4.10). The proof of (4.10) for n = 1 is straightforward.

To get formula (4.11) for [ = I™® observe that by formulae (2.17), (3.4), (4.10), we
have E;r(u) f;“mm = Zz’elp+1ci f;rmm,i,. The largest element of I;j:‘f equals ipax = A1+ ...+
Ap+1, the coefficient ¢; . can be calculated due to the triangularity property (2.17), and
Cimax Das the required form. The coefficient ¢; for other ¢ € I,,; can be obtained from ¢,
by permuting z; and z;_ . because I™" is invariant under the transposition of i and 7.y .
Thus all the coefficients ¢; are as required, which proves formula (4.11).

The proof of formula (4.12) is similar. O
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4.4. Actions of the dynamical Hamiltonians.

Lemma 4.17. For actions ¢*, see (4.2), of the dynamical Hamiltonians X°, ..., X € B®

on V-valued functions of zy,...,zn, h, we have
n i—1
o0 a h/ a
(413) ¢+<Xz ) = Z zae,g,i) + 5 (61',7; - + h Z Z zy ] i Z Gi,j 5
a=1 j=1 1<a<b<n j=1
n i—1
P o , h (a)
o) = a2y 1Y T Y6,
a=1 j=1 1<b<a<n j=1
where G@j = €i,5€5,i — €i,i = €5i€ij —€j; and €kl = 6](:2 +...+ ek’l fOT every ]{7 l.
Proof. The statement follow from formulae (4. 1) and (3.13). O
The operators ¢*(X?), ¢F(XI), ¢*(X?7), i = 1,..., N, can be found from formulae

(3.15) - (3.17).
Lemma 4.18. For any X and any i = 1,..., N, we have ¢*(XI")vf = ¢F (X&) vy
PN )ox = 6T (X)ux. o (X )ux = (X)) vy
Proof. By formulae (3.15) —(3.17), the statement is equivalent to
(61'71' ej,j — 61'73‘ Gj,i + Gi’i)l); =0
for any i # j, and
€;,i€4 5 U; = 0, €€ ;5 U; =0

for ¢ < 7. These equalities hold by Lemmas 2.19, 2.20. 0J

4.5. qKZ difference connection. Let

u + h P9
u—+h

Define operators Ki,..., K € End(V) ® Clzy, ..., 2n, h],

R (y) = , ij=1,...,n, i#7].

K = R%D(z—2.1) ... ROV (2 —2) x
o0 RO .
G N RO (2 — 2y — k) L RO (25— 2y — k),

X

K= = R(i’i+1) (Zi — Zi+1) e R(l’n) (Zi — Zn> X
B0 Q)
€1, L

gt g Y RO (i — 2 — k) . ROV (2 — 2 — k).
Consider the difference operators K li, cee }A(f acting on V-valued functions of zy,...,z2,,h,

I?iif(zl,...,zn,h) = Kii(zl,...,zn,h) F(21y ey 2im1, 20 — Ky Zig1y e oy Zn) -
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Theorem 4.19 ([FR]). The operators Ki . ..., IA(TJ[ pairwise commute. Similarly, the oper-
ators K ,..., K, pairwise commute. 0

Theorem 4.20 ([TV1]). The operators Ki,...,K, ¢*(V7),..., 6t (VL) pairwise com-
mute. Similarly, the operators Ki,...,K,, ¢~ (Vi),....¢ (Vy) pairwise commute. O

Corollary 4.21. The operators K |u—o,..., K |0, ¢T(X{T), ..., ¢7(XE) pairwise com-
mute. Similarly, the operators Ki |u=o,..., K, |s=0, ¢ (X{ ),..., ¢ (X% ) pairwise com-
mute.

The commuting difference operators K R ,IA(;[ define the qKZ difference connection.
Similarly, the commuting difference operators IA(l_ b ,[?; define another qKZ difference
connection. Theorem 4.20 says that the qKZ difference connections commute with the
corresponding dynamical connections

Proposition 4.22. For every X € B, the operators K le=0,..., K |«mo commute with
¢t (X), and the operators Ki |x=0,- .-, K, |x=0 commute with ¢ (X).

Proof. By formulae (4.1), (4.2), (3.6), we have

Kflewo = (0% (BI(w) H )

u—2z;+h

U=z;

so the statement follows from Theorem 3.1. Alternatively, the proposition follows from the
Yang-Baxter equation (4.3). O

5. EQUIVARIANT COHOMOLOGY OF THE COTANGENT BUNDLES OF
PARTIAL FLAG VARIETIES

5.1. Partial flag varieties. For XA € ZY, |A| = n, consider the partial flag variety Fax
parametrizing chains of subspaces

0=FClkhC..CFy=0C"

with dim F;/F; 1 = \;, i =1,...,N. Denote by T*F) the cotangent bundle of Fj.
Let T" C GL, = GL,(C) be the torus of diagonal matrices. The groups 7" C GL,, act
on C" and hence on T*F),. Let the group C* act on T*F, by multiplication in each fiber.

The set of fixed points (7*Fx)T"*C" of the torus action lies in the zero section of the
cotangent bundle and consists of the coordinate flags F; = (Fy C ... C Fy), I = (I1,...,
Iy) € Iy, where F; is the span of the standard basis vectors u; € C" with j € [; U... U
I;. The fixed points are in a one-to-one correspondence with the elements of Z, and hence
with the basis vectors vy of V), see Section 2.1.

We consider the GL,(C) x C*-equivariant cohomology algebra
HA - HéLnX(C*(T*“F)\’ (C) .

Denote by I'; = {7i1,..., 7.} the set of the Chern roots of the bundle over Fy with fiber
F;/F;,_y. Let T'=(I'y;...;T'y). Denote by z = {z,...,2,} the Chern roots corresponding
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to the factors of the torus T™. Denote by h the Chern root corresponding to the factor C*
acting on the fibers of T%F, by multiplication. Then

(5.1)  Hy = C[z;r]snxsw---xswe@C[h]/<HH w— i) ﬁ(u—za)>.

=1 j=1 a=1

The cohomology Hy is a module over Hg; - (pt; C) = Clzy, ..., 2,] 9@ C[h].

For A C {1,...,n} denote z4 = {24, a € A}, and for I = ([,...,In) € Zx denote
zr = (zn;...;21y) - Set

(52 CaiHa— Clayeo, 25w ClL [f(mT50)] o f(z: zpmmi h).

Clearly, ¢, is an isomorphism of C[zy, ..., z,]°"® C[h]-algebras.

Let J C Hy be the ideal generated by the relations h = 1 and oy(z1,...,2,) =0, i = 1,
.,n. Then Hyx/J = H*(T*F;C).

5.2. Equivariant integration. We will need the integration on Fx map
/ CHy = Hy o (pt,C),

that is, the composition

I, .
Hx = Hgy, (T"Fa; C) @ Clh] F—> Hey, (pt; C) @ Clh] = Heyp, o= (1 C) -

The Atiyah-Bott equivariant localization theorem [AB] gives the integration on Fx map
in terms of the fixed point set (T*Fx)T"*C": for any [f(2;T;h)] € Ha,

5.3 11 = oS 3 HEE),

1€y

where R(z;) is given by (2.15). Clearly, the right-hand side in (5.3) lies in C[zy, ..., 2,]°"®
C[h]. The integration on Fx map induces the Poincare pairing on Fy,

(5.4 Ha® Hy = Clas, o220 ClH, Aol [1a].
After factorization by the ideal 7 we obtain the nondegenerate Poincare pairing
(5.5) H (T Fx;C) @ H(T*F5;C) — C.

We will also use the integration on T*Fx map,

f; H(T*F5:C) — Z-'Clar, ..., 2] ® CJA],

(5:5) 11 = R o SR,

1€y
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Here Z =[], ,;(zi — 2+ h), cf. (2.14). Notice that Q(z;) R(2r) is the Euler class of the

tangent space at the point F; € T*Fy,. This integration map was used in [BMO], see also
[HP]. The integration on 7*Fx map induces the Poincare paring on T*Fij,

(5.7) Hy® Hy = 27\ Clas,..., 2] %@ ClH),  [f]® [g] = f fdl

which will be called the Poincare paring on T*F).
Example. Let N =n =2 and A= (1,1). Then

Ju=o [l =-1

fi- : fonl = =0
(21_22+h)(22_21+h)’ ’ (21—22+h>(22—21+h)

5.3. Hy and VY, £V5, V. Consider the maps vy : Hx = V¥, vy : Hx = V5, and

l/;IH)\—> %V;,

(5.8) vy f] = Z f(z;zé;(g)Q(zl) &,
(5.9) vl e Y % & -
(5.10) i ) 3 TEE 6

In particular, vy : [1] — of, vy : [1] = v, vy : [1] = vy, see (2.26). We have
vy = 9% Cy, vy = 95Cy, vy = U5 (y, where the maps 93, 9%, ¥ and (, are given by
formulae (2.8) —(2.10) and (5.2). Observe that

(5.11) vy = Il vy,

where II is given by formula (4.4).

Lemma 5.1. The maps vy, vy, vy are isomorphisms of Clz1,...,2,]°"® C[h]-modules.
Proof. The claim follows from Lemma 2.10. U
Proposition 5.2. The Shapovalov form and Poincare pairing on Fx are related by the
formula

SEA1Aslel) = (D= [1flg].

Proof. The statement follows from formulae (2.25), (5.3), (5.8), (5.10), and Lemma 5.1. [

Proposition 5.3. The Shapovalov form and Poincare pairing on T*Fx are related by the
formula

SE3lflalel) = (D= [ (7lg).
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Proof. The statement follows from formulae (2.25), (5.6), (5.9), (5.10), and Lemma 5.1. [
Introduce the elements f,, € C[z;[]*"*»**5v® C[h], p=1,...,N, s € Zw, by

Ap o0
(5.12) II(1+ ) = 1R Y S

i=1 U= i s=1
Since fp,s = Zz 1 ,yp i +hgpsa where Ip,s € C[ ]SHXSMX'”XSAN(@C[}L] are of homogeneous
degree s — 2, the elements [f,s] p=1,...,N, s >0, generate Hy over C[h].

Define the elements C’;S € End(V)® (C[zl, ooz h], p=1,... N, s € Z~g, by

(5.13) (AX () Af () = 1+hz -

where A (u) =1 and A7 (u),..., Ax(u) are given by (4.9).

Let A be a commutative algebra. The algebra A considered as a module over itself is
called the regular representation of A.

Theorem 5.4. The assignment p3 : [fps] = Cf,, p=1,...,N, s> 0, extends uniquely
to an isomorphism Hx — B>=(V§) of Clz,..., 2. @ C[h]-algebras. The maps py and
vy identify the B> (VY )-module Vi with the reqular representation of the algebra Hy.
Theorem 5.5. The assignment py : [fps] = Cry, p=1,...,N, s >0, extends uniquely
to an isomorphism Hx — B®($V5) of Clz, ..., 2z, ® C[h]-algebras. The maps px and
vy identify the BOO(%Vf)-module %V; with the regular representation of the algebra Hy.

Theorem 5.6. The assignment py : [fps] = Cp, p= , N, s >0, extends uniquely
to an isomorphism Hy — g‘x’(%V}\) of Clz1,..., 2] S"® C[h]-algebms. The maps i and
vy tdentify the Boo(lV;)—module iV; with the regular representation of the algebra Hy.

Proofs of Theorems 5.4 —5.6. The operator vy Cr, (v )71 acts on Hy as the multiplication

v [fps], see Lemma 5.1 and formula (4.10). ThlS yields Theorem 5.4. The proofs of
Theorems 5.5 and 5.6 are similar. O

Theorems 5.5 and 5.6 are equivalent by Lemma 4.5 and relation (5.11). In particular,
(5.14) s (f) = pa() 1
for any f € Hy, see (4.5).
Corollary 5.7. The B>-modules VT, LV:, and %V’ are isomorphic.

Proof. The isomorphisms restricted to weight subspaces are vy (vf)~!': Vi — & 5V and
vy )7V = Sy O

Corollary 5.8. The subalgebras B=(V3) C End(Vy), g“’(%Vf) C End($V5) and

lfS’v"o(%V;) C End($Vy) are mazimal commutative subalgebras. O
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Lemma 5.9. For any f € Hx, and any g1 € Vy, g2 € %V;, gs € %Vf, we have

S(ud(f)gr.93) = S(g1, 15 (f)gs) S(px(f)g2,93) = S(g2, 15 () g3) -

Proof. The statement follows from the definition of the maps w3, px, ) and Corollary
4.3. 0

Example. Let N =n =2 and A = (1,1). Then the weight subspace Vj is two-dimen-
sional, V)‘ = CU(LQ) D CU(QJ) y U(LQ) = ® Vg, U(g,l) =V Q® Uy . The vectors 5?: are

Z9 — 21 h
fag) = V(1,2) s 5(—2,1) = m U(2,1) + m U(1,2) »
_ _ 21 — 29 h
S T D Sap T Ty e Ty e

Elements of Vi have the form

21— 2+ h zo—21+h |

f(z1, 22, ) fag) + f(22,21, 1) (2,1) 7

21— %9 Z9 — 21
elements of %V; have the form

f(::’izh) 5(412) 4 f(;zleh) §(J5,1)7
and elements of %V; have the form

f(z1,20,h) f(z2,21,h)

L., faat T ey

2 — 2y 12 29 — 21

The series (4.9), (5.13) for generators of the Bethe algebras B>(Vy) and goo(%V;) are

Afw) = (1+ h ) (1+ h ).

U — 21 U — 29
1+ h h? 1+ h — h?
Af (u) = vTAa o | (ATw) AT (u) = vm= no |
0 1+ 0 1+
U — 29 u—z=
1+ f 0 . 1+ iL 0
Ap (u) = vmAa no | (AT(w) A (u) = vm= no |
h? 1+ —h: 1+
U — 29 U—z

where we are using the basis v(9), v(2,1) of Va. For the maps vy, vy, Uy, and vy, vy,

vy , we have
10 z1 h
+ + . 1
e (o01) bl o (5 1)
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21— 2+ h 29— 21+ h
l/;\_ : [1] - — §(J[ 2) + - — §(2 1) = U(LQ) + U(271) = U;\_,
21 — 22 ? ’

21—22+h —21+h

vx t 7] = o2 5(1 9t 2 5(2,1) = (z1+h)vae + Ve,

21 — 29

uicum(é ?), bl (51),

=. b Va2 —veny
[ ] <1 + ) §+ B (2’1 - h)U(1,2) — 227(2,1)
ma Z9 (1,2) Z9 — 21 @1 21 — R — h ’

el (o1) st (30)

_ 1 _ 1 _ Va2 — Y21
Uy [1] — 7 — 29 £(172) + H 5(271) - 2 — 2+ h = Uxs
o 2 29 21va,2) — (22 — h) V@)
Uy - [71,1] 2 — 5(1 2) 6(2 1) — - 21— 29 + L )

5.4. Cohomology as ?(g[N)-modules. The isomorphisms
=@ vl P Hx — VT, v =@y @ Hx — 5V
X X X X
induce two ?(g[N)—module structures on @, Hx denoted respectively by p* and p,
pEX) = ()T eH(X) vE

for any X € Y(gly). The Y(gly)-module structure on » Hx induced by the isomorphism

v =@y : P Hx — %V:
coincides with the p~-structure ) ’
(5.15) )t (X) v = pT(X),
since vy = v and ¢t (X) = ¢ (X)II, see (5.11), (4.5).

By formulae (5.8), (5.10) and (4.10), we have p* (Ap(u)) : Hy — Hjy,

=il

p

(5.16) () 1] = [fTn I H (1+

a=1 i=1

for p=1,..., N. In particular, by (3.11), (3.14),

(5.17) prXE) ] = [+ ) F(= T R)],

1,...
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Let oy,...,an_1 be simple roots, a,, = (0,...,0,1,—1,0,...,0), with p — 1 first zeros.

Theorem 5.10. We have N
p(Ep(u)) : Hx_o, +— Hax,

2T 0) 25 Yps — Yo — h
s [ 1505 o]

U — Vp,i

J#l

p+(Fp(u)) : H)\—i-ap — H)\,

+1 +1

ot (Fy(w)) { PZ HED0) ] dposa = ey } ,

i1 U — Vp+1,i i=1 Tp+1,5 — Vp+1,j
J#
where .
= (T 5T Ty = {ids Dot Ui Doy -5 T )

I = (L5 Lp;TpU {7p+1,¢}; Lpp1 — {7p+1,¢}; Lppos. .. Ty).

Stmilarly,

p*(Ep(u)) : H)\,ap — H)‘,

Ap

p~ (Ey(u)) {Z (1" 1) H ! H (Vp,i = Yotk + h)] ,

u — Pp— .
Tpio G0 Tpd T M
J#

p~ (Fp(w)) : Hxia, — Hax,

Ap+1 Ap+1 Ap
) ) [ R T T ).

i1 4T prLi T+l =™ Tprlg L
J#l

Proof. The statement follows from formulae (5.8)—(5.10) and (4.11), (4.12). O

The ?(g[ ~)-module structures p* on @, Hy are the Yangian versions of representations
of the quantum affine algebra U,(gly) considered in [Vasl, Vas2].

The p~-structure appears to be more preferable, it was used in [RTVZ| to construct
quantized conformal blocks in the tensor power V®" see also Sections 6 8.

Corollary 5.11. The ?(g[N)—module structures p* on @, Hx are contravariantly related
through the Poincare pairing on Fx,

for any X € ?(g[N) and any f,g9 € @, Hx.



COHOMOLOGY OF A FLAG VARIETY AS A YANGIAN BETHE ALGEBRA 27
Proof. The statement follows from Proposition 5.2 and Lemma 4.2. U

Corollary 5.12. The ?(g[N)—module structure p~ on @, Hx is contravariantly related to
itself through the Poincare pairing on T™Fy,

for any X € EN/(g[N) and any f,g € @, Ha.

Proof. The statement follows from relation (5.15), Proposition 5.3 and Lemma 4.2. O

Corollary 5.13. For any X € Bt or X € goo, and any f,g9 € @, Hx, we have

[0 00 = [, el = [ ol
Proof. The statement follows from Corollaries 5.11, 5.12 and 4.3. O

The Y(gly)-module structures on D, Hx descend to two Y(gly)-module structures on
the cohomology with constant coefficients

HC):= P H(T"FxC),
Az, [ Al=n

denoted by the same letters p™ and p~. The obtained Y(gly)-modules are isomorphic to
the irreducible Y(gly)-modules V* and hence isomorphic among themselves, see Propo-
sition 4.9.

Corollary 5.14. The Y(gly)-module H(C) with the p™-structure is contravariantly dual to
the Y (gly)-module H(C) with the p~-structure with respect to the Poincare pairing on Fi,

for any X € ?(g[N) and any f,g € @, Ha.
Proof. The statement follows from Corollary 5.11. U

Corollary 5.15. The Y(gly)-module H(C) with the p~-structure is self-dual with respect to
the Poincare pairing on T™Fy,

for any X € ?(g[N) and any f,g € @, Ha.

Proof. The statement follows from Corollary 5.12. U
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5.5. Topological interpretation of the Yangian actions on cohomology. The 37( gly)-
actions p* on @, Hx have topological interpretations. Consider the partitions p'= (Ay,
A =1L L A, An) and p" = (A, .o A, 1, Ay — 1, ..., Ay) . There are natural
forgetful maps

TIJ 7.‘_/ 7.‘,.// 7.‘_//
(518) ‘F)\—ap — ‘Fp/ =2 .F)\7 f)\—i-ap — ‘FIL” 2 Fi.

The rank A\, — 1, 1, A\,41 bundles over F,,, with fibers F,/F,_1, Fy11/F,, Fpia/Fpr1 will be
respectively denoted by A’, B’, C'. The rank A,, 1, A\,11 — 1 bundles over F,,» with fibers
F,/Fy_1, Fpi1/F,, Fyia/F,i1 will be respectively denoted by A”, B, C".

For a T"-equivariant bundle &, let e(§) be its equivariant Euler class. We can make the
extra C* (whose Chern root is h) act on any bundle by fiberwise action with weight k- h
(k € Z). The equivariant Euler class with this extra action will be denoted by ex.,(€). Note
that B’ and B” are line bundles, hence their Euler class is their first Chern class.

Recall that a proper map f : X — Y induces the pullback f*: H*(Y) — H*(X) and
push-forward (a.k.a. Gysin) f. : H*(X) — H*(Y) maps on cohomology.

Theorem 5.16. The operators p* (Ep(u)), pt (Fp(u)), are equal to the following topological

operations
+ w)) :x = (7 e_h(Hom(A’,B’))
P (EP( )) : = 2*( 1 ( ) U—G(B/) ) )

o) < () ).

/

pE) o s () ()

e_,(Hom(B', C")))
u—e(B’) ’

" e_p(Hom(A”, B”
P (Fp(u)) FT (_1))\p_/\p+1+1 Ty, (Wl*(x) : h(u — 6((3//) ))) .
Proof. The proof is a straightforward application of the equivariant localization formulation
of push-forward maps. We omit the details, because they are completely analogous to the
arguments in the Appendix of [RSTV]. Notice that the sign (—1)*~*+1*1 in the formulae
for p~ comes from the fact that the functions R(z;) here and R(zp|...|zs,) in [RSTV]
differ by the sign (—1)%i<i*, O

Remark. Observe that the Euler classes in the four expressions above are Euler classes of
fiberwise tangent or cotangent bundles of some of the forgetful maps (5.18), following the
convention of Section 5.1 that C* acts on these bundles by fiberwise multiplication.

6. BETHE ALGEBRAS BY(Vy), B?(5Vy), AND DISCRETE WRONSKIAN

The algebra Hy, see (5.1), is a free polynomial algebra over C with generators h and
elementary symmetric functions o;(v,1,...,%.,) for p=1,..., N, i = 1,...,\,. Hence,
Hjy is a free polynomial algebra over C with generators h and the elements f,;, see (5.12),
for p=1,...,N, s = 1,...,\,. Then Theorems 5.4, 5.6 show that the Bethe algebras
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goo(V;\L) and g"o( LYy ) are free polynomial algebras over C with generators h and the

respective elements Ci see (5.13), for p=1,....N, s=1,... A,

DS’
In this section we give similar statements for the Bethe algebras g"(V; ) and gq(%V; ).
We also formulate counterparts of Theorems 5.4, 5.6, see Theorems 6.3, 6.5 below.

In the rest of the paper we assume that ¢, ..., gy are distinct numbers. Set
A N
(6.1) Wa(u) = det (qfv‘] (v =i+ h(i— j)))
P ij=1
The function Wq (u) is essentially a Casorati determinant (discrete Wronskian) of functions
u/h
gi(w) = ¢;" TIj%, (u =iy + (i = 1)),

N

N
1 H q;/\fflfu/h.

=1

Wi(u) = det (gl(u —h(j— 1)))

Define the algebra

©2)  #5 = Clar)@ S o o) /(Wi = T -a) [Te-=),

1<i<j<N a=1

i?j:

For example, if N =n =2 and XA = (1,1), then the relations are

V1,1 + V2,1 = 21+ 22, V11721 + h(via—"21+h) = z12.

q1 — Q2
It is easy to see that the subalgebra H§ does not change if all g1, ..., ¢y are multiplied
simultaneously by the same number. Notice that in the limit ¢;11/¢; — 0 for all 1 =1,...,
N — 1, the relations in H3 turn into the relations in Hjy, see (5.1).

Below we describe isomorphisms of the regular representation of H§ with the gq(Vj{)—
module V{, as well as with the B9(5Vy)-module 5V .
Let = be a complex variable. Set

(6.3) Wi(u,z) = de (Njﬁu—%k—l-hz—j)))N,

k=1 1,7=0

where ¢o =2 and )y = 0. Clearly, /Wq(u, ) =2V Wi(u) + ...+ (=1)NW9(u+ h). Define
the elements Wi € HJ for p=1,...,N, s € Zs, by the rule

—~

(6.4) %: (:v—qi)+hzz 1P W aN Py

=1 p=1 s=1
Define also the elements U, € HY for i =1,..., N, s € Z>¢ by the rule

N N

(6.5) v, = S (=t we g ] ——

p=1 Jj=1
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so that

Proposition 6.1. The algebra HS is a free polynomial algebra over C with generators h
and Uf, for i=1,...,N, s=2,... A+ 1.

Proof. Formulae (6.1) and (6.3) —(6.5) imply that U} = X; forall i =1,..., N, and

(6.6) Ul, = (s =1 o1 (Yipgs-- - vin) + Ui, s=1,
where o, 1 is the (s — 1)-th elementary symmetric function and Ui'fi is a polynomial in h
and o,(vj1,...,7%;) for r<s—1and j=1,...,N. For instance,
h oG+ 1)
(67) UZQQ = O'1<’)/i,1, Ce 77i,>\i) — hZ)\z + = )\,L ()\,L + 1) — h)\l Z q]j— .
’ 2 = G

J#i
Since Hj3 is clearly a free polynomial algebra over C with generators h and (7,1, ...,
Yin) for i=1,...,N, s=1,...,)\;, the statement follows. 0]
Corollary 6.2. The elements Wi, for p=1,...,N, s > 2, together with C[h] generate
the algebra H3. ([l
Theorem 6.3 ([MTV5]). The assignment " : Wi, = ¢t (" 'Bi,), p=1,....N, s >0,
extends uniquely to an isomorphism of Clzy, ..., z,)5"® C[h]-algebras pu&: Hi — gq(V;f) :
The map
(6.8) it HE — VY it f] = ul () vl

s an isomorphism of vector spaces identifying the gq(]/;f)—module Vi and the regular rep-
resentation of H.

Theorem 6.4 ([MTV5]). The assignment p : Wi — ¢t (h*7'Bi,), p=1,...,N, s >0,

extends uniquely to an isomorphism of Clz1,. .., z,|""®@C|h]-algebras ps: H§ — Bvq(%)/;) :
The map
(6.9) oS = 5V R U e (D e

1s an wsomorphism of vector spaces identifying the gq(%v)f)-module %Vf and the regular
representation of H3.

Theorem 6.5 (MTV5]). The assignment pu : Wi — ¢~ (h*7'Bi,), p=1,...,N, s >0,

extends uniquely to an isomorphism of Clz1,. .., z,|""®@C|h]-algebras p% : H§ — gq(%V;) :
The map
(6.10) Vi HL = SV, vy [f] = opk () oy s

1s an wsomorphism of vector spaces identifying the gq(%V;)-module %V; and the regular
representation of HS.
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The proofs of Theorems 6.3—6.5 are similar to the proof of Theorem 6.7 in [MTV3] and will
be published elsewhere.

Theorems 6.3 6.5 are instances of the discrete geometric Langlands correspondence, see
the corresponding versions of the geometric Langlands correspondence in [MTV2, MTV3],
cf. also [RSTV].

Theorems 6.4 and 6.5 are equivalent by Lemma 4.5. In particular,

(6.11) Tplo(f) = ws (NI, T = v

where II is given by (4.4) and f € HS .

Corollary 6.6. The B-modules VT, %V:, and %V‘ are isomorphic.

Proof. The isomorphisms restricted to weight subspaces are v{~ (V§\+)’1: Vi — %Vf and
vim (i) v = Sy O
Corollary 6.7. The subalgebras B1(V5) C End(Vy), EQ(%V;) C End($V5) and
g‘l(%V;) C End($Vy) are mazimal commutative subalgebras. O
Corollary 6.8. The Bethe algebra lgq(V;f) s a free polynomial algebra over C with gen-
erators h and ¢*(SZ,) for p = 1,...,N, s = 1,...,),, where the elements Sf € B?
are defined by (3.9). The Bethe algebra gq(%])}f) is a free polynomial algebra over C with

generators h and ¢*(SZ,) for p=1,...,N, s=1,...,\,. The Bethe algebra gq(%]/;) is
a free polynomial algebra over C with generators h and ¢~ (S2,) for p=1,...,N, s =1,
C Ap.

Proof. Since p" (Uss) = p (Uss) = ¢7(Sf,) and pf (Uss) = ¢~ (Sf,), see (6.5), (3.9), the
statement follows from Theorems 6.3 — 6.5, and Proposition 6.1. 0J

Lemma 6.9. For any f € Hx, and any g1 € V5, g2 € %V;, gs € %Vf, we have

S(qu+(f)91>93) = S(Qhﬂg\_(f)gs), S(l/&:(f)g?,gs) = 5(92,Mq>\_(f)93)-

Proof. The statement follows from the definition of the maps ,uf and Corollary 4.3. 0J

Recall that Y(gly) contains U(gly) as a subalgebra. Denote by Y(gly)? the subalgebra
of Y(gly) commuting with U(h), where h C gl in the Lie subalgebra generated by e; ;,
1=1,..., N. The isomorphisms yf\i induce homomorphisms

(6.12) px5 Y (gly)” — End(H3), PTX = ()T (X) T
By relations (6.11) and (4.5), we also have p? (X) = (vi )" 'o™(X) v
Lemma 6.10. For : =1,..., N, we have

P 1) { (Z%k—hz el Aj))}.

Jj=i+1
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Proof. The statement follow from formulae (6.7), (3.13), (3.17) because pgi(sgg) acts as
multiplication by the element Uf,. O

Define pairings

(6.13) (,): HY@HY = Clz,., 2] @C[R],  (f,9) = SW'f, v 9).
and
(6.14) (V:HIQHL = Z7'Cla,. .., )@ CR],  (f,g9) = SWEf,vig).

Here Z =[], .;(2i — 2 +h), cf. (2.14).

Lemma 6.11. Pairings (6.13) and (6.14) are symmetric and invariant,

(flafZ) = (f27f1)7 (f1f27f3) = (f2,f1f3),
<f1af2> - <f27f1>7 <f1f27f3> = <f27f1f3>7

forany fi,f2, f3€ 7'[()1\-

Proof. Theorems 6.3—6.5 and Corollary 4.3 yield (f1,f2) = (1, f1f2) and (f1, fa) =
(1, f1 f2), which proves the statement. O

Example. Let N =n =2, A= (1,1), so that Vy = Cuv(12) ® Cva1y. Then

10 21 h q2 h h
q+ . q+ . 1
i e (O 1>’ il e <O 22)+ 41 — Qg2 (h h)’

V§+ 1] = vag) F e

q+q 2hq
yff: [’71,1] — (21 + h ! 2 > U(1,2) + (22 + 2 > V(2,1)
q1 — 42 q1 — 42

= 1 0 — 21 h qs h h
9= . q=.
i e (0 1>’ i nal = <0 Z2>+ G — (h h)’

(21 — h)vag) — 2ve)
21 — R9 — h

_ 1 0 _ z1 0O q2 h h
q— . q—.
Fa [1] - (0 1>7 A .[71’1] - <h 22>+ a1 — q2 <h h)’

= Va,2) — V2,1) =
=] o = —
[1] o — 2 — N vx : [l

I

- Va2 — Ve - 21012) — (22 — h) v
0= 1] ey D T P@D a=. —
v o [1] — b vy 7l A ;
2h
(1,1) = 0, (1,m1) =1, (M1,711) = 21+ 22 + L

Q1—Q2'
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2 <1 >_ 21+Zg—h
(21—22—’—}1)(21—22—}2)7 1 (Zl—Zg—i-h)(Zl—ZQ—h)’

<171> =

22422 — h(z + 22)
21—22+h)(21—22—h>.

<’71,1 ) 71,1) = (

Notice that up to a simple change of basis, the form (,) in this example coincides with the
bilinear form (,) in [BGr, Section 3.2], namely, with the form associated with the equivariant
quantum cohomology of the cotangent bundle T*P! of the projective line P!. That form
was used in [BMO], see also [BGh].

7. QUANTUM MULTIPLICATION ON Hjy

Recall that g, ..., gy are distinct numbers. Let ﬂf : Hx — Hj5 be the following isomor-
phisms of vector spaces

b a1+ - a1, -
Bx = (vx') vy, By = () vy
We also have By = (vy )~'vx, because vy = Il vy and vy = Il vi~, where II is given

by (4.4). Notice that £5(1) =1¢€ H{.
Define new multiplications * and « on Hj by the rule

(7.1) Bx(fxg) = Bx(£)Bx(9),  Bx(fe9) = Bx(f)Bx(9)

for any f,g € Hy. The defined multiplications are associative and commutative. The
products fxg and feg tend to the ordinary product fg as ¢;+1/q; — 0 for every i =1,
., N —1,

Denote f* and fe the corresponding operators on Hy, fx:g+— f*xg, fe:g— feg.
Recall the Y(gly)-actions p* on @D, Hx, defined in Section 5.4. Given X € Y(gly)®,
denote by py(X) € End(H,) the restriction of p*(X) to Ha.
Lemma 7.1. Let f € Hy and X € BY. If vy (f) = ¢T(X) vy, then fx= pi(X). Similarly,
if vx(f)=o¢T(X)vx or vy (f)=¢ (X)vy, then fo=py(X).

Proof. We will prove the statement for the map v, . Other statements are proved similarly.
Since v; (g) = vy (Bx(g)) for any g € Hx, we have

vy (feg) = va(gef) = nk (Bx (@) va(f) = 1y (Bx(9)) ¢~ (X) vy =

= ¢ (X)pux (Bx(9) vx = ¢~ (X)vx(9) = vx(p” (X)9),
which proves the claim. ([l
Denote by gg\i the images in End(H,) of the Bethe subalgebra B? C Y(gly) under

the homomorphisms p*, respectively. The algebra ggf is isomorphic to gq(V;), and the
algebra BY is isomorphic to BY(5V5) and to BI(FVy).
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Corollary 7.2. For any f € Hy, the operator fx is the unique element of E‘f which sends
1 € Hy to f, and the operator f+ is the unique element of BY which sends 1 € Hy to

/- O
Corollary 7.3. For every i =1,..., N, we have

(7.2) (Vor + o via) * = px (X, (Vi + - i) e = px (X)),

where v, ; are the Chern roots, see (5.1), and X' e B? are given by (3.16), (3.17).

Proof. The statement follows from Lemmas 7.1 and 4.18. U

Proposition 7.4. The map x5 : f — fx is an isomorphism Hx — gff of vector spaces.
The map B (xf)™': BY — HL is an isomorphism of Clz, ..., 2] %" @ C[h]-algebras. The
maps By (x3)7' and By identify the B -module Hy with the regular representation of the
algebra H5. O
Proposition 7.5. The map x, : f + fe is an isomorphism Hy — gff of vector spaces.
The map By (xx) *: gg\_—> HS, is an isomorphism of Clz, ..., 2,] 5" @ C[h]-algebras. The
maps By (xx) ' and By identify the By -module Hy with the reqular representation of the

algebra H5. O
Consider ¢y, . .., q, as variables. For a nonzero complex number «, define the connections
V*and V*
(13) Vi kG~ Gt ta)x Vi CTRTTY
. P = KRG, — — 3 i\ s i = Rqg 77— — i, i)
i q 04 Vi1 Vi A q 94, Vi1 Vi,

1=1,...,n.

Proposition 7.6. The connections V* and V* are flat for any k.

Proof. The statement follows from Corollary 7.3 and Lemma 3.5. U
Lemma 7.7. For any f,g € Hx, we have

[ra=[ 9= (50050,

where the pairing (,) on HS is defined by (6.14).
Proof. Propositions 5.2, 5.3 and Lemma 6.11 imply

[ 19 = S03).5300) = SEL (1), (57(9) = (B:(5) -
= (L, Bx(N)Bx(9)) = S(ox,vx (B (1) Bx(9)) = S(vx, va(f=9)) J/tf cg. O
Corollary 7.8. For any fi, fa, f3 € Hx, we have

Jtreris = [ fiesaess = [10he s, -
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Corollary 7.9. The operators fe are symmetric with respect to pairing (5.7).

Conjecture 7.10. The space Hy with the multiplication « and pairing (5.7) is the small
equivariant quantum cohomology algebra QHegy, xc+(T*Fx; C) of the cotangent bundle T* F
of a partial flag variety Fiy.

We will verify this conjecture for N =n and A= (1,...,1) in Section 8.4.
Observe that under Conjecture 7.10, the connection V* is the quantum connection on Hy.

Corollary 7.11. The small equivariant quantum cohomology algebra QHgr, xc+(T*Fa; C)
of the cotangent bundle T*Fx of a partial flag variety Fy is isomorphic to the algebra Hj.

This corollary gives a description of the small equivariant quantum cohomology algebra
by generators and relations, see formula (6.2).

8. SPECIAL CASE N =n, A=(1,...,1), AND HECKE ALGEBRA
In this section we consider the special case when F) is the variety of full flags in C™.

8.1. Hecke algebra. Consider the algebra $),, generated by the central element ¢, pairwise
commuting elements yi, ..., y,, and elements of the symmetric group .5,,, subject to relations

(8.1) SiVi — Yix18; = ¢, i=1,....n—1,
siy;—yisi =0,  j#FLiI+1,

where s; is the transposition of ¢ and ¢ + 1. For every nonzero complex number ¢, the
quotient algebra $),,/(c = t) is the degenerate affine Hecke algebra corresponding to the
parameter t.

For + =1,...,n, set

(8.2) =y +c Z

Slj—FCE Si,j -

qi J2+1Qz_QJ

where s; ; € 9, is the transp051t10n of i and j. It is known that for any nonzero complex

number p, the formal differential operators

0
—Yiq, 1=1,...,N,
dq;

(8.3) V? = hq

pairwise commute and, hence, define a flat connection for any $),,-module. This connection
is called the affine KZ connection, see [C2, formula (1.1.41)].

8.2. The case N =n and A= (1,...,1). Recall that ¢,..., gy are distinct numbers.

Theorem 8.1. Let N =n and X = (1,...,1). Then the operators ¢*(X}), i =1,...,
N, and Clz,...,2,)°"® C|h] generate the Bethe algebra gq(V;). Similarly, the operators
¢T(X]), i=1,...,N, and Clz,...,2,]°"®@Cl|h] generate the Bethe algebra gq(%Vf), and
the operators ¢~ (X{), i=1,...,N, and Clz,...,2,]°"® C[h] generate the Bethe algebra
BU(5V5)-

Proof. The statement follows from formula (3.13) and Corollary 6.8. O
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For any o € S, define w, € End(V') by the rule
wa (vi1® e ® vin) = /Uo'(il)® tee ® Ua(in)
for any sequence 41, ...,7,. The operators w, define the action of S,, on V. We will write
w(;,j) = W, for o being the transposition of ¢ and j.
Recall the elements G, ; = e; €, — €;;.
Lemma 8.2. Let N =n and A= (1,...,1). For any i # j, the element G, ; acts on Vy
as wg,j)- UJ

Proposition 8.3. Let N =n and A= (1,...,1). The assignments y; — ¢+ (X>®), ¢+ h,
sj— G, 1=1,...,n, j=1,...,n—1, define a representation of $, on V. Similarly,
the assignments y; — ¢~ (X;°), ¢+ —h, s; = =G+, i=1,...,n, j=1,...,n—1,
define a representation of $, on %V;.

Proof. The verification is straightforward using formulae (4.13), (8.1), and Lemma 8.2. [

Denote the obtained representations of §,, on V5 and %V; respectively by ¢* and ™.
By Proposition 8.3 and formulae (3.15), (8.2), we have

(8.4) oH(X) = vE(Y ),  i=1,...,n.

So for N =n and A = (1,...,1), the trigonometric dynamical connection (3.18) defined on
V5 through ¢* coincides with the affine KZ connection (8.3) defined on Vy through ¢,
and similarly, the trigonometric dynamical connection (3.18) defined on %V; through ¢~
coincides with the affine KZ connection (8.3) defined on %V; through ¥

Lemma 8.4. Let N =n and A= (1,...,1). For the vectors vy € Vi and vy € FVy, we
have
_ 1 -
(8.5) ’U;\r = Z Vo(1) @+« - @ Vs (n) Uy = 5 Z (—1) Vo) @+« - @ Vg () -
O'ESn O'ESn
Thus wg jvy = £y for any i # j. O

For N =n and XA =(1,...,1), denote the Chern roots 711, ...,7,,1 of the corresponding
line bundles over Fy by z1,...,x,, respectively. Then

(8.6) Hy = (C[zl,...,zn]s"@)(C[:vl,...,mn]®C[h]/<H(u—xi) = ﬁ(u—z,)>,

=1

@
Il
—

see (5.1). The assignment f(z1,..., 2,21, ...,y h) — f(z1,...,20;21,..., 2,3 h) defines
an isomorphism Hy with Clzy,...,z,] ® C[h].

Consider the following two $),-actions 7% on C|xy,...,x,] ® C[h] ~ Hy. For any i = 1,
..., N, 7(y;) is the multiplication by ;, and 7%(c) is the multiplication by +h. The
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elements sq,...,s,_1 act by the rule
Ti— Tiv1 Fh
5 (si) : f(w1, b)) T fa, L i, Ty T, h) £
Ti — Tit1
h
+ ——— f(xy, . @, Tiw, - Ty B
Ti — Ti41
cf. (2.4). The actions of sq,...,s,_1 are uniquely determined by relations in $,,, see (8.1),

and the property 75(s;): 1+ 1 forall i=1,...,n— 1.

Theorem 8.5. For i =1,...,n, we have

pH(XD) = 7H(YY) —xlihz

31] 81])

QZ_QJ JZJrl

Proof. Since p*(X) = (v5) ' ¢*(X) vi for any X € Y(gly), the statement follows from
formula (8.4), Lemma 8.4, and the definition of 7. O

In particular, by Theorem 8.5 and formula (3.17), for any i =1,...,n, we get

i—1
(87)  pXI)=ai— kY (77 (s,,) — 1) —hz (7 (sij) — 1).
j=1 4 = 45 j= z+1

8.3. Relations in #j and trigonometric Calogero-Moser model. For N = n and
A =(1,...,1), recall the algebra Hj defined in (6.2),

Hi = C[zl,...,zn]5n® Clxy, ..., ) ®(C[h]/<Wq(u) = H (¢ — q5) ﬁ(u— za)>

where x1,...,z, denote the Chern roots vi1,...,v,1 and

Wi(u) = det (q?_j (w—zi+h(i— j)))n :

ij=1

Lemma 8.6. The isomorphism [y : Hx — HS is such that By (z;) =x;, i=1,...,n. O
Proposition 7.5 for the case N =n, A= (1,...,1) reads as follows.

Proposition 8.7. The assignment x°: x; v z;+, © = 1,...,n, extends uniquely to an
isomorphism Hi — By of Clz,..., 2,5 ® C[h]-algebras. The maps x5 and By identify
the B -module Hy with the reqular representation of the algebra Hj. O

Define the n x n matrix C with entries

= _hz ZL 1=1,...,n,

QZ_QJ ]z+1q_q3

hg; . o
Cij = g , L, =1,....n, 1#].
q;i — gqj
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Notice that
Cii = ps (X]), i1=1,...,n,

(2

where X7{,..., X7 are the dynamical Hamiltonians (3.15), see (3.17) and Lemma 6.10.

Lemma 8.8. Wi(u) = det(u—C) H (¢ —q;) -

1<i<j<n

Proof. The verification is an exercise in linear algebra, see [MTV6, Section 6.1]. O

Recall the function /Wq(u, x), see (6.3). Define the diagonal matrix ¢ = diag(qy,...,qn)-

Lemma 8.9.  W(u) = det ((u—C)(z—Q) —hQ) [[ (& —a)-

1<i<j<n

Proof. The statement follows from Lemma 8.8 for (n + 1) x (n + 1) matrices by taking an
appropriate limit, see similar calculation in [MTV7, Lemma 4.1] for the ordinary Wronskian.
[

Corollary 8.10. For N=n, A= (1,...,1), we have
HS = C[zl,...,zn]5n®C[x1,...,xn]®C[h]/<det (u=C)(z—Q)—hQ) = H(u—za)>

a=1

Cf. this statement with part (4) of Theorem 3.2 in [BMO].

The coefficients of the determinant det(u —C') in Lemma 8.8 form a complete set of inte-

grals in involution of the trigonometric Calogero-Moser model, see for example [E|. There ¢,

.., qn are exponentials of coordinates, and the diagonal entries C},...,C, , are momenta.
The Hamiltonian of the trigonometric Calogero-Moser model equals

—trC’2— Z Z @ =) qiqj.2

1<z‘<j<n ¢ — )

The matrices @ and C' satisfy the relation rank(C'QQ — QC —h@) = 1. Thus if x4, ...,
Ty, h are numbers, the matrices @) and C/h define a point of the trigonometric Calogero—
Moser space. Notice that the matrices ) and C = QC / h satisfy the relation rank(CQ—
QC —1) = 1. So the correspondence (Q,C/h) — (Q,C) describes an embedding of the
trigonometric Calogero-Moser space into the rational Calogero-Moser space as a submanifold
of points with invertible matrix Q.

8.4. Bethe algebra and quantum equivariant cohomology. In lectures [O], Okounkov,
in particular, considers the equivariant quantum cohomology algebra QHgy,, xc+(T*Fa; C) of
the cotangent bundle T*F, of a partial flag variety F,. Namely, he considers the standard
equivariant cohomology Hg; . c.(T*Fx;C) as a module over the algebra of quantum multi-
plication. The operators of quantum multiplication depend on the equivariant parameters
21, .-+, 2n, h and additional N — 1 parameters ¢2/q1, ..., qn/qn—1 corresponding to quantum
deformation. Okounkov describes this module as the Yangian Bethe algebra of an XXX-type
model associated with V®". The absence of published notes of the lectures does not allow
us to be more precise here.
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In [BMO], Braverman, Maulik and Okounkov consider the case N = n, A = (1,...,
1), of the equivariant cohomology Hg; . c.(T*Fa) of the full flag variety. The authors
describe the cohomology as a module over the algebra of quantum multiplication. More
precisely, they describe the associated quantum connection on the trivial bundle with fiber
H%, o (T*Fx; C) over the space (C*)"!, which is the maximal torus of the group SL,.

Let N =n and A= (1,...,1). Consider the quotient algebras
FI)\:H)\/<21—|—+ZTL:O>,
BULVY) = BULVY) (s + .+ 2,=0), BL=Bi/{zi+... +2,=0).

We identify the notation of [BMO] with our notation as follows: H}, . c.(T*Fx;C) = Hj,

k=—1 t=—h, ¢ = ¢is1/¢, 1 =1,...,n — 1, where «q,...,q,_; are simple roots of
the Lie algebra sl,, and all functions of ¢1,...,q, are of homogeneous degree zero. Then
the quantum connection V*¥° of [BMO] takes the form

0 0
8.8 VBMO: i~ — Qi1 ~—— — \L; — Xy ., izl,...,n,
( ) (e} q an qi+1 aQi+1 ( +1)

see (7.2), (8.7).

Lemma 8.11. The algebra BY is generated by the elements p~ (X1 — X15), i =1,...,
n—1, and Clz,...,2,]°"® C[h].

Proof. By Theorem 8.1, the algebra B?(5Vy) is generated by the elements ¢~ (X{7), i = 1,
...,n, and C[zy,...,2,]% ® C[h]. The lemma follows from the identity ¢~ (X{ + ...+
XI7) =2+ ...+ 2, see formula (3.17). O

The algebra of quantum multiplication on Hy determined in [BMO)] is generated by the
elements (x; —x;41)s, i =1,...,n— 1, see [BMO]. Thus by Corollary 7.3 and Lemma 8.11,
we have the following result verifying Conjecture 7.10 for N =n and A= (1,...,1).

Theorem 8.12. For N =n, A= (1,...,1), the quantum multiplication on Hy determined
in [BMO] coincides with the multiplication « on Hy introduced in (7.1).

Consider the quotient algebra H§ = ’Hi/(zl—i—. ..42,=0). Since z1+... 42, = z1+...+
Zn, the algebra H$ is generated by the elements x; — 41, i = 1,...,n — 1. By Proposition
8.7 we have the following result.

Corollary 8.13. For N =n, A= (1,...,1), the space Hy as the module over the algebra of
quantum multiplication on Hyx defined in [BMO] is isomorphic to the reqular representation
of the algebra HS by the isomorphisms T; — Tiy1 V> T — Tiv1, (Ti — Tig1)e V> T — Tipa,
i=1,...,n—1.

It is known that the flat sections of the trigonometric dynamical connection are given
by multidimensional hypergeometric integrals, see [MV], cf. [TV2]. These hypergeometric
integrals provide flat sections of the quantum connection defined by (3.20). This presentation
of flat sections of the quantum connection as hypergeometric integrals is in the spirit of mirror
symmetry, see Candelas et al. [COGP], Givental [G1, G2], and [BCK, BCKS, GKLO, I, JK].
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Example. Let N=n=2 and A= (1,1). Set x =21 — 23, 2 =21 — 22, ¢ = q2/q1. Then

_ _ 4hq
_ 2 2_ 2 q _ 2 2 _ _ 2
Hx = Clz,2% h] [{2* = 2}, HA—(C[x,z,h]/<:c 1_q(:c+h) z>,

and h
_ 12—qq (T_(S) — 1)

is the operator of quantum multiplication by z acting on Hy. Here the operator 77 (s) is

T+ h

(5): s 2R Flea 2 ) — gf(x,ZQ, h.

The isomorphism of the algebra of quantum multiplication on Hy and 7-_[;1\ is xe — x, that
is, the operator x« acting on H) satisfies the equation

4h
() — 1—_qq(h+$-) = 2%
The quantum differential equation is
0
(8.9) —2/{(]8—1 =x.].

The g-hypergeometric solutions of this equation are given by the formula

I=q¢*(x+h) / q“/nr<“;h)r(“+z_h) r(—ﬂ)r(—“+z) (2u+ 2 — ) du,

c K K K

where the integration contour C' is a deformation of the imaginary line separating the
poles of I'((u — h)/k) T'((u+ z — h)/k) from those of I'(—u/rk)T(—(u+ 2)/k). Linearly
independent solutions can be obtained by choosing various branches of ¢*/*

Alternatively, a basis of solutions can be obtained by taking the sum of residues of the
integrand at u € kZxo or at u € —z + KZ>. The sum of residues at v € KZ>( gives

Ji = (z+h) F(—ﬁ)r<—f)r(z_h) X

K K K
" i dtz/2n 2~ T+ 2kKd i—[l (h— ki) (h— 2z — K1)
o 1 kd=1! z+k(i+1) ’
and the sum of residues at u € —z + kZy( gives
h h
Ty = (x+h)r(——)r(3>r<—z+ ) x
K K K
0o d—1
(2kd — z — x) h — k1) h—i—z—/ﬂ)
d— 2/2/4
. % 1 kI d! le k(i+1)
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The hypergeometric solutions of equation (8.9) are given by the formula

] = qZ/QK (1 . q)Qh//i/

C

— 2h
u(h_z)/“(u—1)_h/“(u—q)_h/”(x o +:c+z> du,

u—1 U —q

where C' is an appropriate integration contour. We plan to discuss g-hypergeometric and
hypergeometric formulae for flat sections of the quantum connection in a separate paper.

The dynamical connection commutes with the difference gKZ connection as explained in
Section 4.5. For N = n, A = (1,...,1), the dynamical connection is identified with the
quantum connection by Theorem 8.12. Then the qKZ connection of Section 4.5 induce on
H,, a difference connection that commutes with the quantum differential connection in the
sense of Section 4.5. This discrete structure was discussed in [BMO] under the name of shift
operators. We will discuss the gKZ discrete connection in this situation in more details in
another paper.

The isomorphism of the Bethe algebra and quantum multiplication establishes a corre-
spondence between the eigenvectors of the operators of the Bethe algebra and idempotents
of the quantum algebra. Hence we may find the idempotents of the quantum algebra by the
XXX Bethe ansatz.

Example. Let N =n =2, A= (1,1). If uy,us are solutions of the Bethe ansatz equation

(u—2)(u+2) = qlu—2z+2h)(u+ 2+ 2h),

then the elements

T — U2 T — Uy
5 Wy = )
U1 — Ug Uz — U1

w, =

of Hy satisfy the equations w; « w; = &; ;w;.
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